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INDUCED HAUSDORFF METRICS ON QUOTIENT SPACES
RYUICHI FUKUOKA AND DJEISON BENETTI
Dedicated to Professor Caio Jose´ Colletti Negreiros on the occasion of his 60th birthday
Abstract. Let G be a group, (M, d) be a metric space, X ⊂M be a compact
subset and ϕ : G×M → M be a left action of G on M by homeomorphisms.
Denote gp = ϕ(g, p). The isotropy subgroup of G with respect to X is defined
by HX = {g ∈ G; gX = X}. In this work we define the induced Hausdorff
metric on G/HX by dX(g1HX , g2HX) := dH (g1X, g2X), where dH is the
Hausdorff distance on M . Let dˆX be the intrinsic metric induced by dX . In
this work, we study the geometry of (G/HX , dX) and (G/HX , dˆX) and their
relationship with (M, d). In particular, we prove that if G is a Lie group, M
is a differentiable manifold endowed with a metric which is locally Lipschitz
equivalent to a Finsler metric, X ⊂M is a compact subset and ϕ : G×M →
M is a smooth left action by isometries, then (G/HX , dˆX ) is a C
0-Finsler
manifold. We also calculate the Finsler metric explicitly in some examples.
1. Introduction
Let G be a locally compact topological group with enumerable basis and M
be a Hausdorff and locally compact topological space. Let ϕ : G × M → M ,
(g, p) 7→ g.p := ϕ(g, p), be a continuous left action of G on M and consider p ∈M .
If ϕ is transitive and Hp is the isotropy subgroup of G with respect to p, then
gHp → gp is a homeomorphism from G/Hp to M (see [10]). Moreover, if d is a
metric on M that is compatible with its topology, then we can induce a metric dp
on G/Hp by dp(g1Hp, g2Hp) = d(g1p, g2p) such that gHP 7→ gp is an isometry from
(G/Hp, dp) to (M,d).
In this work we study a more general situation. Consider a left action ϕ :
G× (M,d) → (M,d), where G is a group, (M,d) is a metric space and ϕ is a left
action by homeomorphisms. Let X be a compact subset of M and consider the
isotropy subgroupHX = {g ∈ G; gX = X} of G with respect to X . Induce a metric
dX on the quotient space G/HX by dX(g1HX , g2HX) = dH(g1X, g2X), where dH
is the Hausdorff distance on (M,d) (see Proposition 2.1). dX is called the induced
Hausdorff metric on G/HX .
The intrinsic metric induced by dX (see Section 2) is denoted by dˆX and it
plays an important role in this work. We are interested to study the metric spaces
(G/HX , dX) and (G/HX , dˆX).
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Let TM be the tangent bundle of a differentiable manifold M . In this work, a
Finsler metric on M is a continuous function F : TM → R such that F restricted
to each tangent space is a norm (see [6], [4], [5], etc).
The second important issue in this work are the metrics on differentiable man-
ifolds that are locally Lipschitz equivalent to Finsler metrics (see Definition 2.9).
Although more general than Finsler metrics, we prove that it shares some good
properties that Finsler metrics have. For instance all continuously differentiable
curves defined on [a, b] are rectifiable (Proposition 6.1); every curve that have the
same tangent vector at a point have the same speed, whenever the speed exists for
one of these curves (see Definition 2.4 and Lemma 6.9). We denote the space of
all metrics on a differentiable manifold M that are locally Lipschitz equivalent to
a Finsler metric by L(M).
The main result of this work is placed in the intersection of these two subjects:
It states that if G is a Lie group, (M,d) is a differentiable manifold endowed with
a metric d ∈ L(M), X ⊂M is a compact subset and ϕ : G× (M,d)→ (M,d) is a
smooth left action by isometries, then dˆX is Finsler (see Theorem 7.11). In broad
sense, what happens is that the metrics d, dX and dˆX are somehow related and the
action is by isometries causes a regularization effect on dˆX .
In [4] and [5], Berestovskii studies homogeneous spaces N endowed with an
invariant intrinsic metric dˆ which induces the topology of N . One of his main
results (see [5, Theorem 3]) states that “a locally compact, locally contractible
homogeneous space with an intrinsic metric is isometric to a quotient space G/H
of some connected Lie group by a compact subgroup H endowed with a Carnot-
Caratheodory-Finsler metric, which is invariant with respect to the canonical action
of G on G/H .” Here Carnot-Caratheodory-Finsler metric is the Finsler version of
the classical Carnot-Caratheodory metric. Moreover he proves that if t 7→ exp(tv).p
is rectifiable for every p and every v in the Lie algebra g of G, then dˆ is Finsler. It is
worth to remark that Theorem 7.11 can not be settled directly from Berestovskii’s
Theorem because we need to prove that the topology on G/HX induced by dˆX is
the quotient topology. This result is only achieved in Theorem 7.1 at the end of
this work.
This work is organized as follows.
In Section 2 we fix notations and give definitions and results that are necessary
for this work. The pre-requisites includes basic facts about the left action of a
group on a metric space, Hausdorff distance, intrinsic metrics and Finsler metrics
on differentiable manifolds.
Let (M,F ) be a Finsler manifold. We define the metric dF :M ×M → R as
dF (x, y) = inf
γ∈Sx,y
∫
F (γ′(t))dt.
where Sx,y is the family of curves which connects x and y and are continuously
differentiable by parts. If f : M → M is a diffeomorphism, then there exist two
concepts of isometry on (M,F ): f : (M,dF ) → (M,dF ) is an isometry of metric
spaces or dfx : TxM → Tf(x)M is an isometry of normed vector spaces for every
x ∈ M . In Section 3 we prove that these two definitions coincide (Theorem 3.1).
In the meantime we prove that if γ : (−ε, ε)→ (M,F ) is path such that γ′(0) = v,
then the speed of γ at 0 is equal to F (v) (See Theorem 3.7).
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In the setting of the first paragraph of this section, we have that gHp 7→ gp is an
isometry from (G/HX , dX) to (M,d). In more general cases, it makes sense to think
that d, dX and dˆX are somehow related. In Section 4 we study the influence of ϕ
and d on dX and dˆX . Under mild conditions on G, M and ϕ, we prove results such
as: if d and ρ induces the same topology on M , then dX and ρX induces the same
topology on G/HX (Proposition 4.6); if d and ρ are locally Lipschitz equivalent on
M , then dX and ρX (as well as dˆX and ρˆX) are locally Lipschitz equivalent (see
Theorem 4.10); the quotient topology is finer than the topology induced by dX (see
Proposition 4.1).
In Section 5 we study the geometry of (G, dX), where G is a Lie group, M is
a differentiable manifold endowed with a metric d which is compatible with the
topology of M , X is a compact subset of M and ϕ : G×M →M is a smooth left
action by isometries of G on M . In the path to prove that (G/HX , dˆX) is a Finsler
manifold, we need to prove that dˆX induces the quotient topology on G/HX . In
order to do that, we need to study the topology induced by dX on G/HX , which can
be strictly coarser than the quotient topology. The typical example is the irrational
flow on the flat torus (See Example 5.1). The key result in this section is Theorem
5.3, which states that there exist an ε > 0 such that for every gHX ∈ G/HX , the ball
BdX (gHX , r) = {hHX ∈ G/HX ; dX(hHX , gHX) < ε} is contained in a countable
union of pairwise disjoint compact subsets of G/HX (compact with respect to the
quotient topology).
In Section 6 we study paths in G/HX endowed with the metric dX or dˆX ,
especially when the metric d on M is in L(M). For instance, in Proposition 6.2
we prove that if G is a Lie group, (M,d) is a differentiable manifold endowed
with a metric d ∈ L(M), X ⊂ M is a compact subset and ϕ : G × M → M
is a smooth left action of G on M , then every continuously differentiable path
η : [a, b] → (G/HX , dX) is Lipschitz. In particular, η is rectifiable. In addition, if
we put the hypothesis that ϕ is an action by isometries, we have that the speed
of the curve t 7→ exp(tv)HX exists everywhere for every v ∈ g (see Theorem 6.8).
In the way to construct the Finsler norm on THXG/HX , Lemma 6.9, which states
that curves on a differentiable manifold (M,d ∈ L(M)) with the same derivative at
some point have the same speed. Finally we prove that every path in (G/HX , dX)
is a path with respect to the quotient topology (see Theorem 6.10). This result
is essential to prove that the topology induced by dˆX on G/HX is equal to the
quotient topology and it uses the results that we get in Section 5.
In Section 7 we prove Theorem 7.11. The key result is Theorem 7.1, that states
that in the conditions of Theorem 7.11, for every gHX ∈ G/HX , there exist a
neighborhood (with respect to the quotient topology) O ⊂ G/HX of gHX such
that dX |O×O and dˆX |O×O are Lipschitz equivalent to a Finsler metric on O. This
result together with the results of Section 6 allow us to define the norm
(1) FHX (v¯) = lim
|t|→0
dX(c(t), HX)
|t|
on the tangent space THXG/HX , where c : (−ε, ε)→ G/HX is any curve such that
c(0) = HX and c
′(0) = v¯. We prove that the G invariant function F : TM → R
such that F |THXG/HX = FHX is the Finsler metric associated to dˆX , what settles
Theorem 7.11.
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In Section 8 we study some additional examples. In particular we find an explicit
expression for the Finsler metric of (G/HX , dˆX) when X is a compact submanifold
without boundary of a Riemannian manifold M (see Theorem 8.6).
Part of this work was developed during the Ph.D. Thesis [3] of the second author
under the supervision of the first author at State University of Maringa´-Brazil.
The authors would like to thank Anderson M. Setti and Professors Luiz A. B. San
Martin, Pedro J. Catuogno, Josiney A. de Souza and Marcos R. T. Primo for their
valuable suggestions.
2. Preliminaries
Classical definitions and results stated in this work can be found in [1], [6], [8],
[10], [11], [12], [15], [16], [18–21] and [22]. Every differentiable manifold will be
Hausdorff with countable basis.
Let G be a group and consider an arbitrary non-empty set M . Denote the
identity element of G by e. A left action of G on M is a function ϕ : G×M →M ,
denoted by gx := ϕ(g, x), such that ex = x for every x ∈ M and (gh)x = g(hx)
for every (g, h, x) ∈ G×G×M . Observe that every ϕg := ϕ(g, ·) is a bijection. If
X ⊂ M is a subset, then the isotropy subgroup of G with respect to X is defined
by HX = {g ∈ G; gX = X}.
We can define a right action of a group on a non-empty set analogously. Unless
otherwise stated, an action will stand for a left action.
If (M,d) is a metric space with metric d : M ×M → R, then we say that ϕ is
an action by isometries if every ϕg is an isometry, that is d(x, y) = d(gx, gy) for
every (g, x, y) ∈ G×M ×M . Likewise we define actions by homeomorphisms and
actions by diffeomorphisms.
In a metric space (M,d), we denote the open ball with center p and radius r > 0
by Bd(p, r), the closed ball by Bd[p, r] and the sphere by Sd(p, r). The annuli are
denoted by
Ad[p, r1, r2] := {x ∈M ; d(p, x) ∈ [r1, r2]}
Ad(p, r1, r2] := {x ∈M ; d(p, x) ∈ (r1, r2]}
and so on. If X ⊂M , then we define Bd(X, r) = {x ∈M ; d(x,X) < r}, Bd[X, r] =
{x ∈ M ; d(x,X) ≤ r} and Sd(X, r) = {x ∈ M ; d(x,X) = r}, where d(x,X) =
infy∈X d(x, y).
Given a metric space (M,d), the Hausdorff distance between two non-empty
subsets X1, X2 ⊂M is given by
(2) dH(X1, X2) = max{ sup
x∈X1
d(x,X2), sup
x∈X2
d(x,X1)}.
The definition of dH is equivalent to
(3) dH(X1, X2) = inf{r > 0;X1 ⊂ Bd(X2, r) and X2 ⊂ Bd(X1, r)}.
It is straightforward to see that dH(X1, X2) = dH(X¯1, X¯2), where X¯ stands for the
closure of X . Therefore if we want to study Hausdorff distance, we can restrict
ourselves to closed subsets of M .
The Hausdorff distance is a metric on the set of all non-empty compact subsets
of M and it is an extended metric (eventually admitting infinite distance) on the
set of all non-empty closed subsets of M .
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Proposition 2.1. Let G be a group, (M,d) be a metric space, X ⊂M be a closed
subset and ϕ : G×M →M be an action by homeomorphisms of G on M . Then
(1) ϕ and X induce an extended pseudometric on G in the following way: If
g1, g2 ∈ G and dˇX : G × G → R is given by dˇX(g1, g2) = dH(g1X, g2X),
then dˇX is an extended pseudometric on G. If X is compact, then dˇX is a
pseudometric;
(2) dˇX induces an extended metric dX : G/HX ×G/HX → R given by
dX(gHX , hHX) := dˇX(g, h).
If X is compact, then dX is a metric.
(3) If ϕ is an action by isometries, then dX(agHX , ahHX) = dX(gHX , hHX)
for every a ∈ G and every gHX , hHX ∈ G/HX .
Proof
Item 1 is straightforward from the properties of Hausdorff distance.
Item 2 - In order to prove that dX is well defined, let g1HX = g2HX and
h1HX = h2HX . Then g
−1
1 g2, h
−1
1 h2 ∈ HX and
dX(g1HX , h1HX) = dH(g1X,h1X)
= dH(g1g
−1
1 g2X,h1h
−1
1 h2X) = dX(g2HX , h2HX).
In order to prove that dX is an extended metric, observe that the inequality dX ≥
0, the symmetry of dX and the triangle inequality are straightforward. Moreover
dX(gHX , hHX) = dH(gX, hX) = 0 implies gX = hX , that is gHX = hHX .
Therefore dX is an extended metric on G/HX . Of course, if X is compact, then
dX is always finite and it is a metric.
Item 3 - If ϕ is an action by isometries, then the equality dX(agHX , ahHX) =
dX(gHX , hHX) for every a ∈ G and every gHX , hHX ∈ G/HX is straightforward
from (2). 
Definition 2.2. Let ϕ : G×M →M be an action by homeomorphisms of a group
G on a metric space (M,d). Let X ⊂M be a closed subset and HX be the isotropy
subgroup of X. Then the (extended) metric dX defined on G/HX in Proposition
2.1 is called the induced Hausdorff metric on G/HX .
In several situations, it is important to know when HX is a closed subset of G.
Proposition 2.3. If ϕ : G×M →M is a continuous action of a topological group
on a metric space and X is closed subset of M , then HX is a closed subgroup of G.
Proof
We prove that G−HX is an open subset of G. The case G = HX does not need
any comment. Consider g ∈ G − HX . If there exist a x ∈ X such that gx 6∈ X ,
consider ϕx : G×{x} →M . Then ϕ−1x (M −X) is a neighborhood of g in G−HX .
Otherwise, if there is not a x ∈ X such that gx 6∈ X , then gX ⊂
6=
X . It follows
that X ⊂
6=
g−1X , what means that there exist a x ∈ X such that g−1x 6∈ X . Using
the former step there exist a neighborhood V of g−1 that does not intercept HX .
Thus V −1 is a neighborhood of g in G−HX , what implies that G−HX is an open
subset of G/HX . 
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Whenever we consider an (continuous or differentiable) action ϕ : G× (M,d)→
(M,d) of a Lie group (or topological group) G on a differentiable manifold M en-
dowed with a metric d, we assume that the topology induced by d will be the topology
correspondent to the differentiable structure of M unless otherwise stated.
If ϕ : G × M → M is a smooth action of a Lie group G on a differentiable
manifold M endowed with a metric d and X ⊂ M is a closed subset, then HX is
a closed subgroup of G and G/HX admits an unique differentiable structure such
that the natural action φ : G×G/HX → G/HX is smooth. We denote the quotient
topology of G/HX by τ . As a particular case, if ϕ is transitive, X = {p} and Hp
is the isotropy subgroup of p, then gHX 7→ gp is a diffeomorphism which is also an
isometry from (G/HX , dX) to (M,d).
Let (M,d) be a metric space and γ : [a, b] → M be a path. We denote a
partition of [a, b] by P := {a = t0 < t1 < . . . < tnP = b}, the norm of P by
|P| := maxi∈{1,...,nP}(ti − ti−1) and
Σ(P) :=
nP∑
i=1
d(γ(ti), γ(ti−1)).
Then length of γ is defined by
(4) ℓd(γ) := sup
P
Σ(P).
If ℓ(γ) is finite, we say that γ is rectifiable.
If (M,d) is a metric space, we can define a metric dˆ on M by
dˆ(x, y) = inf
γ∈Cx,y
ℓd(γ),
where Cx,y is the family of d-paths connecting x and y. dˆ is called the intrinsic
metric induced by d and observe that dˆ ≥ d holds due to the definition of dˆ. This
implies that the topology induced by dˆ on M is finer than the topology induced by
d. In particular, every dˆ-path is a d-path.
A metric d on M is called intrinsic if d = dˆ. We also have that dˆ is always
intrinsic, that is,
ˆˆ
d = dˆ. If (M,d) is a metric space, dˆ is the intrinsic metric induced
by d and γ : [a, b]→M is a rectifiable curve in (M,d), then
(5) ℓdˆ(γ) = ℓd(γ).
Moreover γ can be reparameterized by arclength (See Proposition 2.3.12 and Propo-
sition 2.5.9 of [6]).
Definition 2.4. If (M,d) is a metric space and γ : (a, b)→ (M,d) is a curve, then
the speed of γ at t0 ∈ (a, b) is defined by
vγ(t0) := lim
t→t0
d(γ(t), γ(t0))
|t− t0|
if the limit exits.
If (M,d) is a metric space and γ : [a, b] → (M,d) is a Lipschitz curve, then the
speed vγ(t) exists a.e. and
(6) ℓd(γ) =
∫ b
a
vγ(t)dt,
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where the integral above is the Lebesgue integral (See Theorem 2.7.6 of [6]).
Remark 2.5. From now on it will be usual to endow a set with two or more different
metrics and/or topologies. For instance, if a set N is endowed with metrics d1 and
d2 and a topology τN , we use terms like τN -open, d1-bounded, d2-closure, etc, in
order to make clear to which topology or metric a specific term is related.
Let M be a differentiable manifold and denote the tangent space of M at p ∈
M by TpM and the tangent bundle of M by TM := {(p, v); p ∈ M, v ∈ TpM}.
Remember that a Finsler metric on M is a continuous function F : TM → R such
that F (p, ·) : TpM → R is a norm for every p ∈ M . A differentiable manifold
endowed with a Finsler metric is a Finsler manifold (see [6], [4] and [5]). For the
sake of simplicity, we write F (v) := F (p, v) whenever there is no possibility of
misunderstandings.
Remark 2.6. There are another usual (in fact more usual) definition of Finsler
manifold, where F satisfies other conditions (see, for instance, [2] and [9]): F is
smooth on TM − TM0, where TM0 = {(p, 0) ∈ TM ; p ∈ M}, and F (p, ·) is a
Minkowski norm on TpM for every p ∈ M . We will not use this definition in this
work. Sometimes we refer to the definition we use by C0-Finsler metric in order
to avoid possible misunderstandings.
Remark 2.7. We can define a distance function dF :M ×M → R from a Finsler
metric by
dF (x, y) = inf
γ∈Sx,y
∫
F (γ′(t))dt
where Sx,y is the family of paths which are continuously differentiable by parts and
connects x and y. If (M,F ) is a Finsler manifold and γ : [a, b] → M is a path
which is continuously differentiable by parts, then
ℓdF (γ) =
∫ b
a
F (γ′(t))dt,
where ℓdF (γ) is calculated according to (4) (see Subsection 2.4.2 of [6]). Therefore
dˆF (x, y) = inf
γ∈Cx,y
ℓdF (γ) ≤ inf
γ∈Sx,y
∫ b
a
F (γ′(t))dt = dF (x, y)
and dF is intrinsic. For this reason, when a metric d on a differentiable manifold
is the distance function of a Finsler metric, we say by abuse of language that d is
Finsler.
Finally we introduce the concept of a metric which is locally Lipschitz equivalent
to another metric. This concept is essential throughout this work, especially for
Definition 2.9 below.
Definition 2.8. Let M be a no-nempty set. Suppose that d and ρ are two metrics
that defines the same topology on M . We say that d and ρ are locally Lipschitz
equivalent if for every p ∈ M , there exist constants cp, Cp > 0 and a neighborhood
Vp of p ∈M such that cpd(x, y) ≤ ρ(x, y) ≤ Cpd(x, y) for every x, y ∈ Vp.
Definition 2.9. Let M be a differentiable manifold. A metric d : M ×M → R is
locally Lipschitz equivalent to a Finsler metric if:
(1) the topology induced by d is the topology of M ;
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(2) there exist a Finsler metric F on M such that for every p ∈M there exist
a neighborhood Vp such that (Vp, dF ) and (Vp, d) are Lipschitz equivalent.
We denote by L(M) the family of metrics on a differentiable manifold M which are
locally Lipschitz equivalent to a Finsler metric.
The definition above does not depend on the choice of the Finsler metric because
all Finsler metrics are locally Lipschitz equivalent.
The case of a smooth action ϕ : G × M → M , where G is a Lie group and
M is a differentiable manifold endowed with a metric d ∈ L(M)) is of particular
importance for this work.
3. Isometries in Finsler manifolds
When we consider a diffeomorphism f : M → M on a Finsler manifold (M,F ),
there exist two definitions of isometry: In the first definition, f : (M,dF )→ (M,dF )
is an isometry of metric spaces. The other definition states that dfx : TxM →
Tf(x)M is an isometry of normed vector spaces for every x ∈ M . In this section
we prove that these two definitions coincide. In the meantime we prove that if
γ : (−ε, ε)→ (M,F ) is path such that γ′(0) = v, then the speed of γ at 0 is equal
to F (v) (See Theorem 3.7).
Theorem 3.1. Let f :M →M be a diffeomorphism defined on a Finsler manifold
(M,F ). Then dF (f(x), f(y)) = dF (x, y) for every x, y ∈ M iff F (f(x), dfx(v)) =
F (x, v) for every (x, v) ∈ TM .
We prove some preliminary results before the proof of Theorem 3.1.
Remark 3.2. Let (M,d) be a metric space, p ∈ M and V be a d-neighborhood of
p. Consider r > 0 such that Bd(p, 2r) ⊂ V . Let γ : [a, b] → M be a rectifiable
d-path that connects x, y ∈ Bdˆ(p, r) ⊂ Bd(p, r) and satisfies γ([a, b]) 6⊂ V . Consider
t¯ ∈ [a, b] such that γ(t¯) 6∈ V . Then
ℓdˆ(γ) = ℓd(γ) ≥ dˆ(x, γ(t¯)) + dˆ(y, γ(t¯)) ≥ dˆ(p, γ(t¯))− dˆ(p, x) + dˆ(p, γ(t¯))− dˆ(p, y)
(7) ≥ 4r − dˆ(p, x)− dˆ(p, y) ≥ dˆ(x, y) + C,
where C = 4r − dˆ(x, y)− dˆ(p, x)− dˆ(p, y) > 0. Then
dˆ(x, y) = inf
γ∈C
(M,d)
x,y
ℓd(γ) = inf
γ∈C(M,d)x,y
ℓd(γ)<dˆ(x,y)+C
ℓd(γ) = inf
γ∈C
(V,d)
x,y
ℓd(γ),
where C(V,d)x,y is the family of d-paths that connects x and y and remains inside V .
The last equality holds because we can discard the d-paths that does not remain in
V due to (7).
Remark 3.3. Let Λ be a set of indices and {Ii}i∈Λ be a family of open intervals
in R such that
(8) Ii 6⊂ Ij and Ii 6⊃ Ij
or every i 6= j. Consider Ii = (ai, bi) and Ij = (aj , bj), where the cases ak = −∞
and bk =∞ are included. Observe that if i 6= j we can not have ai = aj nor bi = bj
due to (8) (the cases ±∞ are also included in this analysis).
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Consider, without loss of generality, that ai < aj. This forces bi < bj due to
(8). Therefore if i 6= j, we can define a relationship Ii < Ij if ai < aj and bi < bj.
Observe that this relationship is transitive.
Consider a Finsler metric F0 in R
n such that F0(x, v) = F0(v) does not depend
on x. In other words, F0 can be identified with a norm on R
n. The proofs of
Theorems 3.1 and 3.7 are based on the fact that an arbitrary Finsler metric can be
locally approximated by F0.
Proposition 3.4. Let (V, F ) be an Finsler submanifold of (Rn, F0), that is, the
inclusion map inc : V → Rn satisfies F0(x, dincx(v)) = F (x, v) for every x ∈ V and
v ∈ TxV . Then the following statements hold:
• If V is convex (with respect to the Euclidean metric), then
(9) dF (x, y) = dF0(x, y) = F0(x− y).
In particular, straight lines in V ⊂ Rn are minimizers.
• Let (M,F ) be a Finsler manifold which is isometric to an open subset
of (Rn, F0), that is, there exist an embedding f : M → Rn such that
F (x, v) = F0(f(x), dfx(v)) for every (x, v) ∈ TM . Then every p ∈ M
admits a neighborhood V such that
(10) dF (x, y) = dF0(f(x), f(y)) = F0(f(x) − f(y))
for every x, y ∈ V .
Proof
In order to prove the first item, it is enough to prove that
(11) dF0(x, y) = F0(x− y)
in (Rn, F0). In fact, (11) implies that straight lines are minimizers in (R
n, F0). Then
they are minimizers also in a convex subset V ⊂ (Rn, F0) and dF (x, y) = F0(x−y).
In order to prove the second item, it is enough to prove the first item and observe
that every point of f(M) admits convex neighborhoods V˜ and W˜ such that V˜ ⊂ W˜
and
dF (x, y) = inf
γ∈CW˜x,y
ℓdF (γ)
for every x, y ∈ V˜ (see Remark 3.2 and notice that dF is intrinsic).
Let us prove (11).
Consider γ : [0, 1]→ Rn given by γ(t) = (1− t)x+ ty. Then ℓF0(γ) = F0(x− y)
and dF0(x, y) ≤ F0(x− y).
In order to prove that dF0(x, y) ≥ F0(x− y), it is enough to prove that ℓF0(γ) ≥
F0(x−y) for every continuously differentiable curve γ : [a, b]→ Rn (the continuously
differentiable by parts case can be easily reduced to this case). Fix such a curve
and consider ε > 0. Then there exist a δ > 0 such that if |ti − tj | < δ, then
|F0(γ′(ti))− F0(γ′(tj))| < ε
2(b− a) .
If we consider a partition P = {a = t0 < t1 < . . . < tnP = b} such that |P| < δ,
then
(12) ℓF0(γ) =
∫ b
a
F0(γ
′(t))dt =
nP∑
i=1
∫ ti
ti−1
F0(γ
′(t))dt ≥
nP∑
i=1
F0(γ
′(t¯i))(ti−ti−1)− ε
2
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for every t¯i ∈ [ti−1, ti].
For every t ∈ [a, b], consider δt ∈ (0, δ) such that
(13)
∣∣∣∣F0(γ′(t))− F0
(
γ(s)− γ(t)
s− t
)∣∣∣∣ < ε2(b− a)
for every s ∈ [a, b] ∩ (t − δt, t + δt) different from t. Moreover, if t 6∈ {a, b}, we
can choose δt such that (t − δt, t + δt) ⊂ [a, b]. Consider a finite subcover {Ij :=
(tˆj − δtˆj , tˆj + δtˆj )}j=0,...,k of [a, b], such that the intervals satisfy (8). We can define
an order on these intervals in such a way that Im < In whenever m < n (see
Remark 3.3). Observe that tˆi < tˆj whenever i < j because all tˆk are in the center
of the interval. Then Pˆ = {a = tˆ0 < . . . < tˆk = b} is a partition of [a, b] such
that Ii ∩ Ii−1 6= ∅ for every i = 1, . . . , k. Choose sj ∈ Ij ∩ Ij−1 ∩ (tˆj−1, tˆj). Then
P˜ := {a = tˆ0 < s1 < tˆ1 < s2 < . . . < sk < tˆk = b} is a partition such that |P˜| < δ
and
ℓF0(γ) ≥
nP∑
i=1
(
F0(γ
′(tˆi−1))(si − tˆi−1) + F0(γ′(tˆi))(tˆi − si)
)− ε
2
= C1
due to (12). But (13) implies that
F0(γ
′(tˆi−1))(si − tˆi−1) > F0
(
γ(si)− γ(tˆi−1)
)− ε(si − tˆi−1)
2(b− a)
and
F0(γ
′(tˆi))(tˆi − si) > F0
(
γ(tˆi)− γ(si)
)− ε(tˆi − si)
2(b− a) .
Then
C1 >
nP∑
i=1
[
F0(γ(si)− γ(tˆi−1))− ε(si − tˆi−1)
2(b− a) + F0(γ(tˆi)− γ(si))−
ε(tˆi − si)
2(b− a)
]
− ε
2
≥ F0(γ(b)− γ(a))− ε = F0(x − y)− ε.
Proposition 3.5. Let (M,F ) be a Finsler manifold which is isometric (as a Finsler
manifold) to an open subset of (Rn, F0). Consider a curve γ : (−ε, ε) → M such
that γ(0) = p and γ′(0) = v. Then
lim
t→0
dF (γ(t), p)
|t| = F (v).
Proof
In order to calculate
lim
t→0
dF (γ(t), p)
|t| ,
we can restrict γ to a neighborhood of p which is isometric to a convex open
subset of (Rn, F0). Let f : M → Rn be a smooth function such that F (x, v) =
F0(f(x), dfx(v)) for every (x, v) ∈ TM . Then
lim
t→0
dF (γ(t), p)
|t| = limt→0
F0(f ◦ γ(t)− f(p))
|t| = C1
due to (10) and
C1 = F0
(
lim
t→0
f ◦ γ(t)− f(p)
t
)
= F (v)
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due to the continuity of F0.
Proposition 3.6. Let F1 and F2 be two Finsler metrics on the same underlying
set M and p ∈ M . Suppose that F1(p, ·) = F2(p, ·) and fix ε > 0. Then there exist
a neighborhood V of p such that
(1 − ε)dF1(x, y) ≤ dF2(x, y) ≤ (1 + ε)dF1(x, y)
for every x, y ∈ V .
Proof
If x ∈M , then
C1(x) = min
‖v‖F1=1,v∈TxM
F2(x, v)
F1(x, v)
= min
v∈TxM−{0}
F2(x, v)
F1(x, v)
C2(x) = max
‖v‖F1=1,v∈TxM
F2(x, v)
F1(x, v)
= max
v∈TxM−{0}
F2(x, v)
F1(x, v)
are continuous functions on M . Then there exist a neighborhood W of p such that
C1(x) ≥ (1− ε) and C2(x) ≤ (1 + ε) for every x ∈ W , what implies that
(14) (1− ε)F1(x, v) ≤ F2(x, v) ≤ (1 + ε)F1(x, v)
for every (x, v) ∈ TW .
Let r > 0 such that BdF1 (p, 2r) and BdF2 (p, 2r) are contained in W . Remark 3.2
implies that if x, y ∈ BdFi (p, r), then
(15) dFi(x, y) = inf
γ∈CWx,y
ℓFi(γ)
for i = 1, 2, that is, in order to calculate the distance, it is enough to consider paths
in W . But
(16) (1− ε)ℓF2(γ) ≤ ℓF1(γ) ≤ (1 + ε)ℓF2(γ) for every γ ∈ CWx,y
due to (14). Therefore, if we set V = BdF1 (p, r) ∩ BdF2 (p, r), the proposition is
settled.
Theorem 3.7. Let (M,F ) be a Finsler manifold and γ : (−a, a)→M be a differ-
entiable curve such that γ(0) = p and γ′(0) = v. Then
lim
t→0
dF (γ(t), p)
|t| = F (v).
Proof
Fix a neighborhood W of p and endow it with a metric F˜ in such a way that
• (W, F˜ ) is isometric to an open subset of (Rn, F0);
• F˜ (p, ·) = F (p, ·).
Consider an ε > 0. Proposition 3.6 states that there exist a neighborhood V ⊂W
such that
(1− ε)dF˜ (x, y) ≤ dF (x, y) ≤ (1 + ε)dF˜ (x, y)
for every x, y ∈ V . Then
(1 − ε)F (v) = (1− ε) lim
t→0
dF˜ (γ(t), p)
|t| ≤ limt→0
dF (γ(t), p)
|t| ≤ (1 + ε) limt→0
dF˜ (γ(t), p)
|t|
= (1 + ε)F (v)
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where the first and the last equalities are due to Proposition 3.5, and the result is
proved.
Proof of Theorem 3.1
Suppose that f : M →M is a diffeomorphism such that
dfx : (TxM,F (x, ·))→ (Tf(x)M,F (f(x), ·))
is an isometry for every x ∈M . Consider y, z ∈M . Then
dF (y, z) = inf
γ∈Sy,z
ℓ(γ) = inf
γ∈Sy,z
∫ bγ
aγ
F (γ′(t))dt
= inf
γ∈Sy,z
∫ bγ
aγ
F (dfγ(t)(γ
′(t)))dt = inf
f◦γ∈Sf(y),f(z)
ℓ(f ◦ γ) = dF (f(y), f(z)),
and f : (M,dF )→ (M,dF ) is an isometry of metric spaces.
Conversely, suppose that dF (f(x), f(y)) = dF (x, y) for every x, y ∈M . Consider
(x, v) ∈ TM and a differentiable curve γ : (−a, a) → M such that γ(0) = x and
γ′(0) = v. Then
F (f(x), dfx(v)) = lim
t→0
dF (f(γ(t)), f(x))
|t| = limt→0
dF (γ(t), x)
|t| = F (x, v),
where the first and the last equality hold due to Theorem 3.7.
Theorem 3.1 implies that the definition of smooth action by isometries of a Lie
group on a Finsler manifold can be used without ambiguity.
Corollary 3.8. Let ϕ : G×M →M be a smooth action of a Lie group on a Finsler
manifold (M,F ). Then dF (gx, gy) = dF (x, y) for every (g, x, y) ∈ G ×M ×M iff
F (gx, (dϕg)x(v)) = F (x, v) for every (g, x, v) ∈ G×M × TxM .
4. Properties of induced Hausdorff metrics
Let G be a group, (M,d) be a metric space, X be a compact subset of M and
ϕ : G ×M → M be an action by homeomorphisms of G on M . In this section
we study the influence of ϕ and d on dX and dˆX . Under mild conditions on G,
M and ϕ, we prove results such as: if d and ρ induces the same topology on M ,
then dX and ρX induces the same topology on G/HX (Proposition 4.6); if d and ρ
are locally Lipschitz equivalent on M , then dX and ρX (as well as dˆX and ρˆX) are
locally Lipschitz equivalent (see Theorem 4.10); the quotient topology is finer than
the topology induced by dX on G/HX (see Proposition 4.1). These kind of results
are interesting by themselves and they also help us to generalize some results that
hold when (M,F ) is a Finsler manifold to the case (M,d ∈ L(M)).
Proposition 4.1. Let ϕ : G×M →M be a continuous action of a topological group
G on a metric space. Let X ⊂M be a compact subset. Then dX : G/HX×G/HX →
R is continuous with respect to the quotient topology of G/HX .
Proof
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First of all we prove that the pseudometric dˇX : G×G→ R is continuous. Let
(g1, g2) ∈ G × G and ε > 0. We prove that there exist a neighborhood V ×W of
(g1, g2) such that if (h1, h2) ∈ V ×W , then |dˇX(h1, h2)− dˇX(g1, g2)| < ε.
Consider the continuous function η : G ×X → R given by η(g, x) = d(gx, g1x).
The inverse image of (−ε/2, ε/2) is a neighborhood of {g1} ×X . Due to the tube
lemma, there exist a neighborhood V of g1 such that V ×X ⊂ η−1(−ε/2, ε/2). Like-
wise there exist a neighborhood W of g2 such that if h2 ∈ W , then |d(h2x, g2x)| <
ε/2 for every x ∈ X .
Now observe that if (h1, h2) ∈ V ×W , then
dˇX(h1, h2) ≤ dˇX(h1, g1) + dˇX(g1, g2) + dˇX(g2, h2)
= dH(h1X, g1X) + dˇX(g1, g2) + dH(g2X,h2X)
≤ sup
x∈X
d(h1x, g1x) + dˇX(g1, g2) + sup
x∈X
d(h2x, g2x) < dˇ(g1, g2) + ε.
Analogously we have that dˇX(g1, g2) < dˇX(h1, h2) + ε and we have proved that for
every (h1, h2) ∈ V ×W we have that |dˇX(h1, h2) − dˇX(g1, g2)| < ε. Thus dˇX is
continuous.
Finally let (g1HX , g2HX) ∈ G/HX ×G/HX and fix ε > 0. Consider a neighbor-
hood V ×W of (g1, g2) ∈ G×G. Observe that π(V )× π(W ) is a neighborhood of
(g1HX , g2HX) ∈ G/HX ×G/HX such that if (h1HX , h2HX) ∈ π(V )× π(W ), then
|dX(h1HX , h2HX)− dX(g1HX , g2HX)| = |dˇX(h1, h2) − dˇX(g1, g2)| < ε. Therefore
dX is continuous with respect to the quotient topology on G/HX . 
Remark 4.2. If (M, τM ) is a topological space and d is a metric which is not
necessarily compatible with τM , then d :M ×M → R is τM -continuous if and only
if τM is finer than the topology induced by d (see [16]). In Proposition 4.1, dX is
continuous with respect to the quotient topology τ of G/HX . Therefore the quotient
topology is finer than the topology induced by dX . In particular, if α is a path in
(G/HX , τ), then α will be also a path in the metric space (G/HX , dX).
Example 4.3. In the conditions of Proposition 4.1, dˆX is not necessarily continu-
ous with respect to the quotient metric on G/HX . As an example, consider M = R
with the metric d(x, y) =
√|x− y|. It is not difficult to show that dˆ(x, y) = ∞ if
x 6= y. If we consider the natural action of the group G = (R,+) on M by addition
and we take X = {0}, then HX = {0} and (G/HX , dX) is isometric to the metric
space M . Then (G/HX , dˆX) is isometric to (M, dˆ) and dˆX is not continuous with
respect to the quotient topology on G/HX .
The next step is to prove Proposition 4.6 that states that under mild conditions,
if d and ρ are metrics that induces the same topology on M , then dX and ρX
induces the same topology on G/HX . We will prove some lemmas before.
Lemma 4.4. Let (M,d) be a locally compact metric space and Y be a compact
subset of M . Then there exist a r > 0 such that B¯d(Y, r) is compact.
Proof
Let {Ui}i=1,...k be a finite open covering of Y such that U¯i is compact for every
i = 1, . . . , k. Then A := ∪ki=1Ui is an open set containing Y such that A¯ = ∪ki=1U¯i
is compact. If A = M = A¯, then there is nothing to prove. If A 6= M , then there
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exist a r > 0 such that Bd(Y, r) ⊂ A because Y is compact and d(·,M−A) : Y → R
is continuous. Therefore B¯d(Y, r) ⊂ A¯ is compact.
Lemma 4.5. Let d and ρ be two metrics that induces the same topology on M . Let
Y be a compact subset of M . Then for every ε > 0, there exist a δ > 0 such that
Bρ(x, δ) ⊂ Bd(x, ε) for every x ∈ Y . In particular, Bρ(Z, δ) ⊂ Bd(Z, ε) for every
Z ⊂ Y .
Proof
Fix ε > 0. For every x ∈ Y , consider δx > 0 such that Bρ(x, δx) ⊂ Bd(x, ε/2).
Let 2δ be the Lebesgue number of the open cover {Bρ(x, δx)}x∈Y of Y . Then
Bρ(x, δ) ⊂ Bρ(z, δz) for some z ∈ Y and Bρ(z, δz) ⊂ Bd(z, ε/2) ⊂ Bd(x, ε). The
last statement is straightforward. 
Of course we can change the roles of ρ and d in Lemma 4.5.
Proposition 4.6. Let d and ρ be metrics on M such that they induces the same
topology τM on M and suppose that (M, τM ) is locally compact. Consider an action
ϕ : G ×M → M by homeomorphisms of a topological group G on M . Let X be a
compact subset of M . Then dX and ρX induces the same topology on G/HX .
Proof
Fix gHX ∈ G/HX and consider r > 0 such that B¯d(gX, r) is compact (See
Lemma 4.4). Let ε > 0 and consider δ > 0 such that Bρ(x, δ) ⊂ Bd(x, ε/2) for every
x ∈ B¯d(gX, r) (see Lemma 4.5). Without loss of generality, we can consider ε < r.
If hHX ∈ BρX (gHX , δ), then ρH(gX, hX) < δ what implies that gX ⊂ Bρ(hX, δ)
and hX ⊂ Bρ(gX, δ) (see (3)). Consequently we have that gX ⊂ Bd(hX, ε/2) and
hX ⊂ Bd(gX, ε/2) due to the definition of δ and we have that hHX ∈ BdX (gHX , ε)
due to (3). Therefore given gHX ∈ G/HX and ε > 0, there exist δ > 0 such that
BρX (gHX , δ) ⊂ BdX (gHX , ε). Thus the topology induced by ρX is finer than the
topology induced by dX . If we change the roles of ρX and dX , we get that the
topology induced by dX is finer than the topology induced by ρX .
The next step is to prove Theorem 4.10. We prove some preliminary results first.
Proposition 4.7. Let d and ρ be two metrics defined on M which are locally
Lipschitz equivalent. Then dˆ and ρˆ are locally Lipschitz equivalent.
Proof
We denote the topology induced by d (or ρ) on M by τM . Let p ∈ M , V be a
τM -neighborhood of p such that d|V and ρ|V are Lipschitz equivalent. Let c, C > 0
such that
cd(x, y) ≤ ρ(x, y) ≤ Cd(x, y)
for every x, y ∈ V . Notice that
(17) cℓd(γ) ≤ ℓρ(γ) ≤ Cℓd(γ)
for every τM -path γ in V .
INDUCED HAUSDORFF METRICS ON QUOTIENT SPACES 15
Consider r > 0 such that Bd(p, 2r) ⊂ V and Bρ(p, 2r) ⊂ V . Remember that
Bdˆ(p, r) ⊂ Bd(p, r) and Bρˆ(p, r) ⊂ Bρ(p, r).
Due to Remark 3.2, if x, y ∈ Bdˆ(p, r), then
(18) dˆ(x, y) = inf
γ∈C
(M,τM )
x,y
ℓd(γ) = inf
γ∈C
(V,τM )
x,y
ℓd(γ),
where C(V,τM)x,y is the family of τM -paths in V that connects x and y. Analogously
we have that
(19) ρˆ(x, y) = inf
γ∈C
(M,τM )
x,y
ℓρ(γ) = inf
γ∈C
(V,τM )
x,y
ℓρ(γ)
for every x, y ∈ Bρˆ(p, r).
Now we will prove that for every ε, there exist a δ such that Bρˆ(p, δ) ⊂ Bdˆ(p, ε).
Without loss of generality we can consider ε ≤ r. If δ = cε and x ∈ Bρˆ(p, δ), then
dˆ(p, x) = inf
γ∈C
(V,τM )
p,x
ℓd(γ) ≤
inf
γ∈C
(V,τM )
p,x
ℓρ(γ)
c
=
ρˆ(p, x)
c
< ε
due to (17), and x ∈ Bdˆ(p, ε). Therefore Bρˆ(p, δ) ⊂ Bdˆ(p, ε) and ρˆ is finer than dˆ.
The proof that dˆ is finer than ρˆ is analogous. Then the topologies induced by dˆ
and ρˆ coincide.
Finally in order to see that dˆ and ρˆ are Lipschitz equivalent on W = Bdˆ(p, r) ∩
Bρˆ(p, r), it is enough to observe that the relationships
cdˆ(x, y) ≤ ρˆ(x, y) ≤ Cdˆ(x, y)
hold for every x, y ∈W due to (17), (18) and (19).
Proposition 4.8. Let d and ρ be two locally Lipschitz equivalent metrics on M
and consider a compact subset Y ⊂ M . Then d|Y×Y and ρ|Y×Y are Lipschitz
equivalent.
Proof
Consider an open cover {Vi}i=1,...k of Y and positive constants c¯, C¯ > 0 such
that
(20) c¯.d(x, y) ≤ ρ(x, y) ≤ C¯.d(x, y) for every x, y ∈ Vi,
where (20) holds for every i = 1, . . . , k.
A := Y × Y − ∪ki=1Vi × Vi is a compact subset of M ×M and d|A as well as
ρ|A admit strictly positive lower bounds. Then the quotients (d/ρ)|A and (ρ/d)|A
assume their supremum and infimum and we have that
(21) c˜d(x, y) ≤ ρ(x, y) ≤ C˜d(x, y) for every (x, y) ∈ A
for some positive constants c˜ and C˜. From (20) and (21) we have that there exist
constants c, C > 0 such that
(22) cd(x, y) ≤ ρ(x, y) ≤ Cd(x, y) for every x, y ∈ Y.
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Proposition 4.9.
(1) Let d and ρ be two metrics on M such that d(x, y) ≤ Cρ(x, y) for some
C > 0 and every x, y ∈M . If X,Y ⊂M , then dH(X,Y ) ≤ CρH(X,Y ).
(2) Let G be a topological group, d and ρ be two Lipschitz equivalent metrics
on M , X ⊂ M be a compact subset and ϕ : G ×M → M be a continuous
action of G on M . Then dX and ρX are also Lipschitz equivalent.
Proof
Item 2 is a direct consequence of Item 1.
We prove that if d(x, y) ≤ Cρ(x, y) for every x, y ∈M and X,Y are non-empty
subsets of M , then
dH(X,Y ) ≤ CρH(X,Y ).
Remember that
dH(X,Y ) = max{sup
x∈X
inf
y∈Y
d(x, y), sup
y∈Y
inf
x∈X
d(x, y)}.
Then
d(x, y) ≤ Cρ(x, y) for every x ∈ X, y ∈ Y ;
inf
y¯∈Y
d(x, y¯) ≤ Cρ(x, y) for every x ∈ X, y ∈ Y ;
inf
y∈Y
d(x, y) ≤ C inf
y∈Y
ρ(x, y) for every x ∈ X ;
inf
y∈Y
d(x, y) ≤ C sup
x¯∈X
inf
y∈Y
ρ(x¯, y) for every x ∈ X ;
Ad := sup
x∈X
inf
y∈Y
d(x, y) ≤ C sup
x∈X
inf
y∈Y
ρ(x, y) := CAρ.
Analogously we have that
Bd := sup
y∈Y
inf
x∈X
d(x, y) ≤ C sup
y∈Y
inf
x∈X
ρ(x, y) := CBρ.
Finally
Ad, Bd ≤ max{CAρ, CBρ}
and
max{Ad, Bd} ≤ Cmax{Aρ, Bρ}.
Theorem 4.10. Let d and ρ be two locally Lipschitz equivalent metrics on M and
suppose that M is locally compact (with respect to d or ρ). Let ϕ : G×M →M be
a continuous action of a topological group G on M and consider a compact subset
X ⊂M . Then
(1) dX and ρX are locally Lipschitz equivalent on G/HX ;
(2) dˆX and ρˆX are locally Lipschitz equivalent on G/HX .
Proof
The second item follows from the first item and Proposition 4.7. Then it is
enough to prove the first item.
First of all dX and ρX induces the same topology on G/HX due to Proposition
4.6.
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For gHX ∈ G/HX , consider r > 0 such that B¯d(gX, r) is compact (see Lemma
4.4). We claim that dX and ρX are Lipschitz equivalent on BdX (gHX , r). In fact,
notice that d and ρ are Lipschitz equivalent on A = Bd(gX, r) (Proposition 4.8).
Then
(23) cd(x, y) ≤ ρ(x, y) ≤ Cd(x, y)
for every x, y ∈ A and some positive constants c, C > 0. If we consider h1HX , h2HX ∈
BdX (gHX , r), then h1X,h2X ⊂ Bd(gX, r) (see (3)) and
cdX(h1HX , h2HX) = cdH(h1X,h2X) ≤ ρH(h1X,h2X) = ρX(h1HX , h2HX)
≤ CdH(h1X,h2X) = CdX(h1HX , h2HX)
due to Proposition 4.9.
5. Geometry and topology of (G/HX , dX)
Let G be a Lie group, M be a differentiable manifold endowed with a metric d
andX be a compact subset ofM . Consider an action ϕ : G×M →M by isometries.
In this section, we study the geometry and topology of (G/HX , dX). We know that
dX -open subsets of G/HX are open in the quotient topology τ (Proposition 4.1). In
this section we prove that there exist an ε > 0 such that BdX (gHX , ε) is contained
in a countable family of pairwise disjoint τ -compact subsets of G/HX (Theorem
5.3). This result will be important in order to prove that paths in (G/HX , dX) are
paths in (G/HX , τ) (Theorem 6.10), which is used in order to prove the second
item of Theorem 7.1. More precisely, if τX is the topology of (G/HX , dX) and τˆX
is the topology of (G/HX , dˆX), then τX ⊂ τˆX = τ .
The following example illustrates Theorem 5.3.
Example 5.1. Consider the Lie group G = (R,+) with the canonical differentiable
structure, and let M = (R × R)/(Z × Z) be the flat torus. Denote its metric by
d. We represent a point in M by (x¯, y¯), where x, y ∈ R and x¯ is the equivalence
class of x ∈ R in R/Z. Consider the action ϕ : G ×M → M given by t(x¯, y¯) =
(t+ x, t
√
2 + y), which is a irrational flow on the flat torus. Consider X = {(0¯, 0¯)}.
Then HX = {0} and G/HX ∼= G. Given an ε > 0, the open ball BdX (0, ε) is not
bounded with respect to the Euclidean metric on G. In fact, if we take an arbitrarily
big N > 0, there exist a t > N such that t(0¯, 0¯) ∈ Bd((0¯, 0¯), ε). Then t ∈ BdX (0, ε)
and BdX (0, ε) ⊂ R is unbounded with respect to the canonical metric for every
ε > 0. Therefore τX ⊂
6=
τ . It is also easy to notice that for a sufficiently small ε,
BdX (0, ε) has infinite countable path-connected components.
Before the proof of Theorem 5.3, we present a general setting in order to be
referenced afterwards because it will be used frequently.
5.2. General setting
Let G be a Lie group, (M,d) be a differentiable manifold endowed with a metric
d, X be a compact subset of M and ϕ : G×M →M be a smooth action. Consider
a decomposition g = hX ⊕m of the Lie algebra g of G, where hX is the Lie algebra
of the isotropy subgroup HX and m is a subspace of g.
Fix an Euclidean metric dm on m. Let r > 0 such that π ◦ exp restricted to
Bdm(0, r) ⊂ m is a diffeomorphism over its image.
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The map π ◦ exp induce a metric on Bdm(HX , r) := π ◦ exp(Bdm(0, r)) which
for the sake of simplicity we call dm. We will consider three different metrics on
Bdm(HX , r): dm, dX and dˆX . 
Theorem 5.3. Let G be a Lie group, (M,d) be a differentiable manifold endowed
with a metric d, X be a compact subset of M and ϕ : G ×M → M be a smooth
action by isometries. Then there exist an ε > 0 such that every ball BdX (gHX , ε)
is contained in a countable (finite or infinite) union ∪i∈ΛKi of pairwise disjoint
τ-compact subsets.
Proof
Due to the G-invariance of dX on G/HX , it is enough to prove that there exist
an ε > 0 such that BdX (HX , ε) is contained in a countable union ∪l∈ΛKl of disjoint
τ -compact subsets.
Suppose that we are in the settings of 5.2. For every g ∈ G, define Bgdm [gHX , s1] :=
gBdm[HX , s1] and B
g
dm
(gHX , s1) := gBdm(HX , s1), where s1 ∈ (0, r). Analogously
we define
Agdm [gHX , s1, s2] = gAdm [HX , s1, s2],
Agdm [gHX , s1, s2) = gAdm [HX , s1, s2),
and so on.
Fix s ∈ (0, r) and set
Ag1 = A
g
dm
[gHX , s/2, s],
Rg1 = min
a∈Ag1
dX(a, gHX).
Consider s˜ ∈ (0, s) such that
Rg2 = max
a∈Bg
dm
[gHX ,s˜]
dX(a, gHX) ∈
(
0,
Rg1
2
)
.
For the sake of simplicity, denote Bg2 := B
g
dm
[gHX , s˜]. Finally set
Ag3 = A
g
dm
[gHX , s˜/2, s]
and
Rg3 = min
a∈Ag3
dX(a, gHX).
If g ∈ G, then
Rg1 := min
aˆ∈Ag1
dX(aˆ, gHX) = min
a∈Ae1
dX(ga, gHX)
= min
a∈Ae1
dX(a,HX) = R
e
1
and analogously Rg2 = R
e
2 and R
g
3 = R
e
3 for every g ∈ G. Denote these constants
by R1, R2 and R3 respectively.
All these subsets are defined in order to find an ε > 0 such that BdX (HX , ε) is
contained in a pairwise disjoint union ∪i∈ΛKi of τ -compact subsets. More precisely,
we prove that everything works if we choose ε = min{R2/2, R3/2} and Ki = Bgi2 ,
where gi ∈ BdX (HX , ε) are chosen strategically.
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Observe that G/HX −Ag1 can be written as the disjoint union Bgdm(gHX , s/2)∪
(G/HX − Bgdm [gHX , s]), that is, one inside part and one outside part. The same
type of decomposition holds for
G/HX −Ag3 = Bgdm(gHX , s˜/2) ∪ (G/HX − B
g
dm
[gHX , s]).
Moreover BdX (gHX , R3) ∩ Ag3 = ∅ for every g ∈ G due to the definition of R3,
what implies that if O is a τ -connected component of BdX (gHX , R3), then either
O ⊂ Bgdm(gHX , s˜/2) (inside part) or else O ⊂ G/HX −B
g
dm
[gHX , s] (outside part).
It is clear that Ag1 ∩Bg2 = ∅ due to the definition of Bg2 . We claim that
(24) Ag11 ∩Bg22 = ∅
whenever g1HX and g2HX are close enough. More precisely, (24) holds if g1HX ,
g2HX ∈ BdX (HX , R2/2). In fact, observe that if aˆ1 ∈ Ag11 and aˆ2 ∈ Bg22 , then
dX(aˆ2, aˆ1) = dX(g2a2, g1a1) = C1
for some a1 ∈ Ae1 and a2 ∈ Be2. Consequently
C1 ≥ dX(g1HX , g1a1)− dX(g1HX , g2HX)− dX(g2HX , g2a2)
= dX(HX , a1)− dX(g1HX , g2HX)− dX(HX , a2) ≥ R1 − 2R2 > 0
due to the G-invariance of dX , what proves the claim. Therefore the (connected)
subset Bg22 is contained either in Bdm(g1HX , s/2) or else in G/HX −Bdm [g1HX , s].
In particular, for every g1HX , g2HX ∈ BdX (HX , R2/2) we have that
(25) Bg22 ⊂ Bg1dm [g1HX , s] or else B
g2
2 ∩Bg1dm [g1HX , s] = ∅,
what implies that the τ -compact subsets Bg22 that are contained in B
g1
dm
[g1HX , s]
does not intercept those B
g′2
2 that are not contained in B
g1
dm
[g1HX , s].
Set ε = min{R3/2, R2/2}. Notice that for every gHX ∈ BdX (HX , ε), we have
that
Ag3 ∩BdX (HX , ε) = ∅
because BdX (HX , ε) ⊂ BdX (gHX , R3) ⊂ Bgdm(gHX , s˜/2) and B
g
dm
(gHX , s˜/2) ∩
Ag3 = ∅. Then, if O is a τ -connected component of BdX (HX , ε), then
(26) O ⊂ Bgdm(gHX , s˜/2) or else O ∩B
g
dm
[gHX , s] = ∅.
BdX (HX , ε) is a τ -open subset of G/HX and we will show that it is contained
in a countable union of disjoint compact sets. Let {Oi}i∈Γ be the τ -connected
components of BdX (HX , ε), where Γ is a countable set of indexes. The idea is
to join the connected components in equivalence classes that are in the same
Bgdm(gHX , s˜/2). We say that Oi ∼ Oj if for every (x, y) ∈ Oi × Oj , there exist
a τ -path η : [a, b] → G/HX connecting x and y such that dX(γ(t1), γ(t2)) ≤ R2
for every t1, t2 ∈ [a, b]. This implies that if gHX ∈ Oi, then Oj ⊂ Bgdm(gHX , s/2),
that can be refined to Oj ⊂ Bgdm(gHX , s˜/2) due to (25) and (26). Observe that ∼
is an equivalence relation. In fact, reflexivity and symmetry of ∼ are immediate.
In order to see the transitivity of ∼, observe that Oi ∼ Oj and Oj ∼ Ok implies
that for every (x, z) ∈ Oi × Ok, there exist a τ -path connecting x and z in such
a way that dX(γ(t1), γ(t2)) ≤ 2R2 < R1 for every t1, t2 ∈ [a, b]. Therefore Ok ⊂
Bdm(gHX , s/2) for some (any) gHX ∈ Oi, what implies that Ok ⊂ Bdm(gHX , s˜/2)
due to (25) and (26) and we have that dX(γ(t1), γ(t2)) ≤ R2 for every t1, t2 ∈ [a, b].
Therefore Oi ∼ Ok and ∼ is an equivalence relation.
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Observe that if Oi∩Bgdm [gHX , s] 6= ∅ for some gHX ∈ BdX (HX , ε), then Oi must
be contained in Bgdm(gHX , s˜/2) due to (25) and (26). In particular, if we also have
Oj∩Bgdm [gHX , s] 6= ∅, then Oi ∼ Oj . Therefore, if Oi 6∼ Oj with Oi ⊂ B
gi
dm
[giHX , s]
and Oj ⊂ Bgjdm [gjHX , s], then
(27) Bgi2 ∩Bgj2 = ∅
due to (25) and (26).
Finally we denote the union ∪i∈ΓOi by ∪l∈ΛUl, where each Ul is the union of τ -
components of BdX (HX , ε) that are in the same equivalence class defined by ∼. For
every l ∈ Λ, choose glHX ∈ Ul. DefineKl := Bgl2 . Then Ul ⊂ Bgldm(glHX , s˜/2) ⊂ Kl
and Kl ∩Km = ∅ whenever l 6= m due to (27).
6. Paths in G/HX
In this section we study properties like rectifiability and speed of paths in
(G/HX , dX) and (G/HX , dˆX). We also prove that in some cases, a dX -path in
G/HX is always a τ -path (see Theorem 6.10). This theorem is essential in order to
prove item (2) of Theorem 7.1.
Proposition 6.1. If γ : [a, b] → (M,d) is a rectifiable path on a metric space
(M,d) and ρ is locally Lipschitz equivalent to d, then γ : [a, b] → (M,ρ) is also
rectifiable. Moreover if γ : [a, b] → (M,d) is Lipschitz, then γ : [a, b] → (M,ρ) is
also Lipschitz.
Proof
Suppose that γ : [a, b] → (M,d) is rectifiable. Notice that γ([a, b]) is compact.
Then d and ρ are Lipschitz equivalent on γ([a, b]) (see Proposition 4.8). Thus there
exist a constant C > 0 such that ρ(x, y) ≤ C.d(x, y) for every x, y ∈ γ([a, b]) and it
follows that ℓρ(γ) ≤ Cℓd(γ).
The proof of the Lipschitz case is analogous
Proposition 6.2. Let G be a Lie group, (M,d) be a differentiable manifold endowed
with a metric d ∈ L(M) and X ⊂ M be a compact subset. Let ϕ : G ×M → M
be a smooth action of G on M . Then every path η : [a, b] → (G/HX , dX) which
is continuously differentiable by parts is Lipschitz. In particular, η is rectifiable.
These results hold for η : [a, b]→ (G/HX , dˆX) as well.
Proof
Due to Theorem 4.10 and Proposition 6.1, it is enough to prove the result when
(M,F ) is a Finsler manifold. It is also enough to prove the result only for contin-
uously differentiable curves η.
Let η : [a, b] → G/HX be a continuously differentiable curve. Then there exist
a curve η˜ : [a, b] → G which is continuously differentiable by parts and such that
η = π◦η˜, where π : G→ G/HX is the natural projection. In fact, π is a submersion.
Then, for every t ∈ (a, b) and every p ∈ π−1(η(t)), it is not difficult to find an ε > 0
and a continuously differentiable path η¯ : [t−ε, t+ε]→ G such that π◦η¯ = η|[t−ε,t+ε]
and η¯(t) = p. Moreover, if h ∈ HX , then η˜(·) := η¯(·).h satisfies π ◦ η˜ = η|[t−ε,t+ε]
and we can make a “vertical displacement” of η¯ along the fibers of π. For t ∈ {a, b}
an analogous continuously differentiable lifting η¯ can be made. Then we can use
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this construction and the compactness of [a, b] in order to lift η locally and by parts
and we can find a curve η˜ : [a, b]→ G which is continuously differentiable by parts
and satisfies π ◦ η˜ = η (We could smooth the vertices of η˜ and the lifting can be
made continuously differentiable, but we do not need this fact here).
Then
dX(η(a), η(b)) ≤ ℓdX (η) = sup
P
nP∑
i=1
dX(η˜(ti)HX , η˜(ti−1)HX)
(28) = sup
P
nP∑
i=1
dH(η˜(ti)X, η˜(ti−1)X) = C,
where P is the partition {a = t0 < t1 < . . . < tnP = b}. Without loss of generality,
we can suppose that points of η˜ that are not differentiable are in P . Therefore
C ≤ sup
P
nP∑
i=1
sup
z∈X
dM (η˜(ti)z, η˜(ti−1)z) ≤ sup
P
nP∑
i=1
sup
z∈X
∫ ti
ti−1
F
(
d
dt
(η˜(t)z)
)
dt
(29) ≤ sup
z∈X
∫ b
a
F
(
d
dt
(η˜(t)z)
)
dt ≤ max
z∈X
t∈[a,b]
F
(
d
dt
(η˜(t)z)
)
(b− a)
and η is Lipschitz.
The last statement of the theorem holds because ℓdˆX (η) = ℓdX (η) for every
rectifiable path η : [a, b]→ (G/HX , dX) (see (5)).
Remark 6.3. Let ϕ : G × M → M be a smooth action by isometries of a Lie
group G on a Finsler manifold (M,F ). Let v ∈ g and consider the vector field
Kv(p) :=
d
dt
∣∣
t=0
exp(tv).p on M . Then Kv is a Killing field on M , that is, their
flow are isometries (see Corollary 3.8).
Notice that
d
dt
∣∣∣∣
t=t0
η˜(t)z =
d
dt
∣∣∣∣
t=t0
η˜(t)η˜−1(t0)η˜(t0)z = K( ddt |t0 η˜(t)η˜−1(t0))
(η˜(t0)z).
Therefore, when ϕ is an action by isometries, the Lipschitz constant of (29) is the
maximum of the norms of a family of Killing fields on M .
Remark 6.4. Let ϕ : G×M →M be a smooth action by isometries of a Lie group
G on M = G endowed with a (left invariant) Riemannian metric 〈·, ·〉M and v ∈ g.
Then the Killing field Kv can be written as
(30) Kv(g) =
d
dt
∣∣∣∣
t=0
exp(tv)g = d(Rg)e(v).
Proposition 6.5. Let ϕ : G ×M → M be a continuous action by isometries of
a Lie group G on a metric space (M,d). Let X ⊂ M be a compact subset. Let
η : R → G/HX given by η(t) = exp(tv)HX , with v ∈ g. Then ℓdX (η|[a,b]) =
ℓdX (η|[0,1])(b− a).
Proof
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First of all, notice that
ℓ(η[a,b]) = sup
P
nP∑
n=1
dH(exp(tiv)X, exp(ti−1v)X)
= sup
P
nP∑
n=1
dH(exp(cv) exp(tiv)X, exp(cv) exp(ti−1v)X) = ℓ(η[a+c,b+c])
for every c ∈ R. Therefore we have that ℓ(η[0,1]) = ℓ(η[0,1/2]) + ℓ(η[1/2,1]) =
2ℓ(η[0,1/2]). More in general, it is immediate to see that ℓ(η[0,1]) = 2
kℓ(η[0,2−k]).
These facts allow us to calculate ℓ(η|[a,b]) for any a < b. In fact, every closed in-
terval can be obtained as a countable union of closed intervals with measure 1/2k,
where the intersection between two of these intervals is a point (eventually we need
an additional point). For instance[
0,
2
3
]
=
{[
0,
1
2
]
∪
[
1
2
,
1
2
+
1
23
]
∪
[
1
2
+
1
23
,
1
2
+
1
23
+
1
25
]
. . .
}
∪
{
2
3
}
implies that
ℓ(η|[0, 23 ]) = ℓ(η|[0, 12 ]) + ℓ(η|[ 12 , 58 ]) + . . .
=
1
2
ℓ(η|[0,1]) + 1
8
ℓ(η|[0,1]) + . . . = 2
3
ℓ(η|[0,1]).
We can generalize the case [0, 2/3] easily and we have that
ℓ(η[a,b]) = ℓ(η[0,1]).(b − a).
Example 6.6. In Proposition 6.5, if (M,d) is a differentiable manifold with d ∈
L(M) and ϕ : G×M →M is a smooth action by isometries, then ℓdX (η[0,1]) <∞
due to Proposition 6.2. This is not always the case if d 6∈ L(M). For instance,
let G be the Heisenberg group and consider the action ϕ : G × G → G given
by the product of G. Let X = {e} ⊂ G be the compact subset and (V1, V2, V3)
be a left invariant moving frame of G such that [V1, V2] = V3 and [Vi, Vj ] = 0
otherwise. Consider the Carnot-Carathodory metric on G that are generated by an
invariant inner product on the distribution generated by {V1, V2} (see [14], [15]).
Then HX = {e}, (G/HX , dX) is G with the original Carnot-Carathodory metric
and t 7→ exp(tV3(e)){e} is not rectifiable even if it is restricted to an arbitrarily
small interval [a, b].
Now we study the speed of a differentiable curve in (G/HX , dX). First of all we
remember the following classical result.
Proposition 6.7. Let η : [a, b] → (M,d) be a rectifiable curve on a metric space
(M,d). Then for every ε > 0 there exist a δ > 0 such that if we have a partition
P = {t0 = a < t1 < . . . < tnP = b} satisfying |P| < δ, then
ℓ(η)−
nP∑
i=1
d(η(ti), η(ti−1)) < ε.
Theorem 6.8. Let ϕ : G ×M → M be a smooth action by isometries of a Lie
group G on a differentiable manifold (M,d), d ∈ L(M). Let X ⊂ M be a compact
subset. If η : R→ G/HX is given by η(t) = exp(tv)HX , then
lim
t→0
dX(exp(tv)HX , HX)
|t| = limt→0
dH(exp(tv)X,X)
|t|
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(31) = lim
t→0
dˆX(exp(tv)HX , HX)
|t| = ℓdX (η[0,1]) = ℓdˆX (η[0,1]) <∞.
Proof
We have that ℓdX (η[0,1]) < ∞ due to Proposition 6.2. Then η|[0,1] is rectifiable
in (G/HX , dX), what implies that ℓdX (η|[0,1]) = ℓdˆX (η|[0,1]).
The first equality of (31) is the definition of dX . We claim that it is enough to
prove that
(32) lim
t→0+
dX(exp(tv)HX , HX)
t
= ℓdX (η[0,1])
in order to prove the second and third equalities of (31). In fact, we know that
lim
t→0+
dX(exp(tv)HX , HX)
t
= lim
t→0+
dX(HX , exp(−tv)HX)
t
(33) = lim
t→0−
dX(HX , exp(tv)HX)
−t = limt→0
dX(exp(tv)HX , HX)
|t| ,
where the second equality is due to the G-invariance of dX . In addition we have
that
dX(exp(tv)HX , HX) ≤ dˆX(exp(tv)HX , HX) ≤ ℓdX (η[0,1])t
for t > 0, where the second inequality is due to Proposition 6.5. But the G-
invariance of dX and dˆX implies that
dX(HX , exp(−tv)HX) ≤ dˆX(HX , exp(−tv)HX) ≤ ℓdX (η[0,1])t
for every t > 0, what gives
(34) dX(exp(tv)HX , HX) ≤ dˆX(exp(tv)HX , HX) ≤ ℓdX (η[0,1])|t|
for every t ∈ R. Therefore (32), (33) and (34) settle the second and third equations
of (31).
Let us prove (32).
Consider η|[0,1]. Let P = {0 = t0 < t1 < . . . < tnP = 1} be a partition of [0, 1]
and set
Σ(P) =
nP∑
i=1
dH(exp(tiv)X, exp(ti−1v)X).
Fix ε > 0. Due to Proposition 6.7, we can find δ ∈ (0, 1/2) such that if |P¯| < δ,
then ℓ(η) − Σ(P¯) < ε/2. Let µ < δ and Pµ be a partition of [0, 1] given by {0 =
t0 < µ < 2µ < . . . < N.µ ≤ 1}, where N is chosen such that t′ := 1−N.µ ∈ [0, µ).
Observe that either tN = N.µ = 1 or tN = Nµ < tN+1 = 1. Then
ε
2
> ℓdX (η|[0,1])− Σ(Pµ) = ℓdX (η|[0,1])−
nPµ∑
i=1
dH(exp(tiv)X, exp(ti−1v)X)
= ℓdX (η[0,1])(Nµ+ t
′)−
N∑
i=1
dH(exp(iµv)X, exp((i − 1)µv)X)
−dH(exp(v)X, exp(Nµv)X) = C.
Notice that dH is G-invariant. Then
C = ℓdX (η|[0,1])Nµ−NdH(exp(µv)X,X) + ℓdX (η|[0,t′])− dH(exp(t′v)X,X)
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(35) ≥ ℓdX (η|[0,1])Nµ−NdH(exp(µv)X,X),
where the equality ℓdX (η|[0,1])t′ = ℓdX (η|[0,t′]) is due to Proposition 6.5. If we divide
both sides of (35) by Nµ, we get∣∣∣∣ℓdX (η|[0,1])− dH(exp(µv)X,X)µ
∣∣∣∣ = ℓdX (η|[0,1])− dH(exp(µv)X,X)µ
<
ε
2Nµ
<
ε
2(1− δ) < ε
for every µ ∈ (0, δ). This settles (32) and the theorem.
In Theorem 7.9, the (G-invariant) Finsler metric F correspondent to (G/HX , dˆX)
is obtained from
F (HX , v¯) = lim
t→0
dX(c(t), HX)
|t| ,
where c : (−ε, ε)→ G/HX is an arbitrary curve such that c(0) = HX and c′(0) = v¯.
This is like a reciprocal of Theorem 3.7. But we need that F (HX , v¯) does not depend
on the choice of c. The next lemma does the job.
Lemma 6.9. Let M be a differentiable manifold and denote its topology by τM .
Let d be a metric on M such that for every p ∈ M , there exist a τM -neighborhood
V of p such that d|V×V is Lipschitz equivalent to a Finsler metric on V (d does
not need to induce τM ). Consider p ∈ M , v ∈ TpM and suppose that there exist a
curve c : (−ε, ε) → M such that c(0) = p, c′(0) = v and in addition such that the
speed
lim
t→0
d(c(t), p)
|t|
exists. If η : (−ε, ε)→M is another curve such that η(0) = p and η′(0) = v, then
lim
t→0
d(η(t), p)
|t| = limt→0
d(c(t), p)
|t| .
Proof
Endow a sufficiently small τM -neighborhood V of p with a Euclidean metric 〈·, ·〉
and let (V, ψ = (x1, . . . , xn)) be a coordinate system of V such that ψ(p) = (0, . . . , 0)
and 〈∂/∂xi, ∂/∂xj〉 = δij . Without loss of generality, we can also suppose that V
is 〈·, ·〉-convex and that the distance function dflat induced by 〈·, ·〉 is Lipschitz
equivalent to d on V .
We can restrict c and η in such a way that their images are contained in V . Write
c(t) = (c1(t), . . . , cn(t)) and v = (v1, . . . , vn) with respect to the coordinate system
ψ. If we represent c by its Taylor polynomial and its remainder term, then c(t) =
(v1.t+f1(t), v2.t+f2(t), . . . vn.t+fn(t)), where fi(t) = O(t
2) for every i. Likewise the
Taylor polynomial of η is given by η(t) = (v1.t+u1(t), v2.t+u2(t), . . . vn.t+un(t)),
where ui(t) = O(t
2) for every i. Then we have the estimates dflat(c(t), η(t)) = O(t
2)
and d(η(t), c(t)) = O(t2) because dflat and d are Lipschitz equivalent. Due to the
triangle inequality, we have that |d(p, c(t)) − d(p, η(t))| = O(t2) and the result
follows.
Proposition 4.1 implies that τ -paths in G/HX are dX -paths. We conclude this
section presenting a type of converse.
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Theorem 6.10. Let G be a Lie group, M be a differentiable manifold endowed
with a metric d, X be a compact subset of M and ϕ : G ×M → M be a smooth
action by isometries. Let I ⊂ R be an interval and γ : I → G/HX be a dX -path.
Then γ : I → G/HX is a τ-path.
This theorem is important to prove the second item of Theorem 7.1 and it uses
the study of the geometry of (G/HX , dX) which we made in Theorem 5.3.
Before the proof of Theorem 6.10 we remember some results and prove some
lemmas.
Theorem 6.11 (Sierpin´ski theorem). Let X be a continuum (compact, connected
and Hausdorff topological space). If {Ci}i∈N is a pairwise disjoint countable cover-
ing of X by closed subsets, then Ci = X for some i ∈ N.
Proof
See [17].
Proposition 6.12. Let M be a non-empty set and consider two Hausdorff topolo-
gies τc and τf on M such that τc ⊂ τf . Suppose that xi τc→ x and that ∪i∈N{xi} is
contained in a τf -sequentially compact subset of M . Then xi
τf→ x.
Proof: Immediate.
Corollary 6.13. Suppose we are in the hypotheses of Theorem 6.10 and that a
dX-path γ : I →M is contained in a τ-compact subset. Then γ is τ-continuous.
Proof
We will prove that if xi → x in I, then γ(xi) τ→ γ(x) inM . We have that {γ(xi)}
is contained in a τ -compact subset and γ(xi)
dX→ γ(x). Therefore γ(xi) τ→ γ(x) due
to Proposition 6.12 and γ is τ -continuous. 
Proof of Theorem 6.10
For the sake of simplicity, suppose that I = [a, b] (The proof is local, then it
works for all types of intervals). Fix t ∈ (a, b) (The case t ∈ {a, b} will be seen
afterwards). From Theorem 5.3, there exist an ε > 0 such that BdX (γ(t), ε) is
contained in a countable union of pairwise disjoint τ -compact subsets ∪i∈ΛKi. Due
to the dX -continuity of γ, there exist a δ > 0 such that [t − δ, t + δ] ⊂ [a, b] and
γ([t− δ, t+ δ]) ⊂ BdX (γ(t), ε). We will prove that η := γ|[t−δ,t+δ] is τ -continuous.
We claim that η−1(Kj) is closed for every j ∈ Λ. We will prove that η−1(Kj) con-
tains its accumulation points. Suppose that x is an accumulation point of η−1(Kj)
and consider a sequence xi → x in η−1(Kj). Then η(xi) dX→ η(x) and {η(xi)} ⊂ Kj
holds, what implies that η(xi)
τ→ η(x) due to Proposition 6.12. Thus η(x) ∈ Kj
and x ∈ η−1(Kj).
Notice that {η−1(Kj)}j∈Λ is a cover of [t − δ, t + δ] by pairwise disjoint closed
subsets. Then only one η−1(Kj) is non-empty (see Theorem 6.11) and η([t− δ, t+
δ]) ⊂ Kj. Then η|[t−δ,t+δ] is dX -continuous and contained in a τ -compact subset
what implies that η|[t−δ,t+δ] is τ -continuous due to Corollary 6.13.
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The proof for the case t ∈ {a, b} is analogous.
This proof holds for any type of intervals, what settles the theorem.
7. Intrinsic induced Hausdorff metrics are Finsler
In this section we prove the following theorem: Let G be a Lie group, M be a
differentiable manifold endowed with a metric d ∈ L(M) and X ⊂M be a compact
subset. Let ϕ : G ×M → M be a smooth action by isometries of G on M . Then
(G/HX , dˆX) is a Finsler manifold (see Theorem 7.11). In particular, a homogeneous
space endowed with an intrinsic G-invariant metric d ∈ L(M) is a Finsler manifold
(see Corollary 7.12).
The next theorem is essential in order to prove Theorem 7.11.
Theorem 7.1. Let ϕ : G ×M → M be a smooth action by isometries of the Lie
group G on a differentiable manifold (M,d ∈ L(M)) and let X ⊂ M be a compact
subset. Consider an arbitrary Finsler metric F on G/HX and denote its distance
function by dF .
(1) Consider gHX ∈ G/HX . Then there exist a τ-neighborhood O of gHX such
that dF |O×O, dX |O×O and dˆX |O×O are Lipschitz equivalent.
(2) If τX is the topology induced by dX and τˆX is the topology induced by dˆX ,
then τX ⊂ τˆX = τ .
Before proving this theorem, we prove some preliminary results.
Lemma 7.2. Consider (a − ε, a + ε) ⊂ R, with ε, a − ε > 0. Then there exist a
δ > 0 such that ⋃
n∈N
(
a− ε
n
,
a+ ε
n
)
⊃ (0, δ).
Proof
It is enough to show that there exist a N ∈ N such that (a+ε)/(n+1) > (a−ε)/n
for every n ≥ N . But it is straightforward that this is true for n > (a − ε)/(2ε).
Therefore if we choose any N > (a− ε)/(2ε), then⋃
n≥N
(
a− ε
n
,
a+ ε
n
)
=
(
0,
a+ ε
N
)
.
Lemma 7.3.
• Let ϕ : G ×M → M be a continuous action by isometries of a Lie group
G on a metric space M and let X be a compact subset of M . Consider
an arbitrary Finsler metric F on G/HX and denote its distance function
by dF . Then there exist a constant C > 0 and a τ-neighborhood O of
HX ∈ G/HX such that
(36) dF (HX , gHX) ≤ CdX(HX , gHX)
for every gHX ∈ O.
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• Let ϕ : G ×M → M be a smooth action of a Lie group G on a Finsler
manifold (M,F ′) and let X be a compact subset of M . Then there exist a
constant C′ > 0 and a τ-neighborhood O′ of HX ∈ G/HX such that
(37) dˆX(HX , gHX) ≤ C′dF (HX , gHX)
for every gHX ∈ O′.
Proof
Consider the general setting as in 5.2. Fix r′ ∈ (0, r) and an ε > 0 such
that [r′ − ε, r′ + ε] ⊂ (0, r). Observe that dF and dm are Lipschitz equivalent on
Bdm [HX , r
′ + ε] (see Proposition 4.8).
Let us prove that there exist C > 0 and a τ -neighborhood O of HX such that
dF (HX , gHX) ≤ CdX(HX , gHX) for every gHX ∈ O.
Set
C˜ = min
v∈Adm [0,r
′−ε,r′+ε]
dX(exp(v)HX , HX),
where Adm [0, r
′ − ε, r′ + ε] ⊂ m. Then
dm(exp(v)HX , HX)
r
≤ 1 ≤ dX(exp(v)HX , HX)
C˜
for every v ∈ Adm(0, r′ − ε, r′ + ε), what implies that
dm(exp(v)HX , HX) ≤ CdX(exp(v)HX , HX)
where C = r/C˜. Observe that if k ∈ N, then
dX(HX , exp(v)HX) ≤ k.dX(HX , exp(v/k)HX)
for every v ∈ Adm(0, r′ − ε, r′ + ε) due to the G-invariance of dX and the triangle
inequality. Moreover
dm(HX , exp(v)HX) = k.dm(HX , exp(v/k)HX)
holds. Therefore we have that
(38) dm(HX , exp(tw)HX) ≤ CdX(HX , exp(tw)HX)
for every v ∈ Sdm(0, 1) and every
t ∈
⋃
k∈N
(
r′ − ε
k
,
r′ + ε
k
)
.
Due to Lemma 7.2, there exist a δ > 0 such that
dm(HX , exp(tw)HX) ≤ CdX(HX , exp(tw)HX)
for every t ∈ (0, δ) and every w ∈ Sdm(0, 1), that is, for every tw ∈ Bdm(0, δ).
Consequently if we choose O = Bdm(HX , δ), then item (1) is settled because dF
and dm are Lipschitz equivalent on Bdm(HX , δ).
Now we prove that dˆX ≤ C′dF in a τ -neighborhood of HX . Consider u ∈
Bdm(0, r/2)− {0} and η : [0, ‖u‖dm]→ G/HX , η(t) = exp(tu/‖u‖dm)HX . Then
dˆX(HX , exp(u)HX) ≤ ℓdˆX (η) ≤ maxz∈X
t∈[0,‖u‖dm ]
F
(
d
dt
(exp(tu/‖u‖dm)z)
)
‖u‖dm = C1,
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where the last inequality is calculated as in (29). But ‖u‖dm = dm(HX , exp(u)HX).
Then
(39)
C1 ≤ max
z∈X
t∈[0,r/2]
v∈Sdm (0,1)
F
(
d
dt
(exp(tv)z)
)
dm(HX , exp(u)HX) ≤ C˜dm(HX , exp(u)HX).
for every u ∈ Bdm(0, r/2). Now we use the Lipschitz equivalence of dm and dF on
Bdm(HX , r/2) to conclude that there exist a dF -neighborhood O
′ = Bdm(HX , r/2)
of HX ∈ G/HX and a C′ > 0 such that dˆX(HX , gHX) ≤ C′dF (HX , gHX) for every
gHX ∈ O′.
Lemma 7.4. Let M be a non-empty set and consider two topologies τc and τf on
M . Suppose that for every p ∈ M there exist a τf -neighborhood V of p such that
τf |V is finer than τc|V . Then τf is finer than τc.
Proof
Consider Oc a τc-open subset of M and p ∈ Oc. We will find a τf -open subset
Of ∋ p such that Of ⊂ Oc. Observe that Oc ∩ V is τc|V -open. Then Oc ∩ V is
also τf |V -open, because τf |V is finer than τc|V . Therefore Oc∩V can be written as
A ∩ V , where A is an τf -open subset of M , what implies that Of := Oc ∩ V ⊂ Oc
is τf -open.
The following lemma helps to show that dˆX is finer than τ in G/HX . The lemma
is applied with d = dX and ρ = dF .
Lemma 7.5. Let M be a non-empty set endowed with metrics d and ρ such that
• paths in (M,d) are paths in (M,ρ);
• for every p ∈ M , there exist a ρ-neighborhood V of p such that d|V is
Lipschitz equivalent to ρ|V .
. Then dˆ is finer than ρ.
Proof
Fix p ∈ M . For an ε > 0 we will prove that there exist δ > 0 such that
Bdˆ(p, δ) ⊂ Bρ(p, ε). We can consider without loss of generality that Bρ[p, ε] ⊂ V .
Due to the definition of V , there exist a C > 0 such that ρ(x, y) ≤ Cd(x, y) for
every x, y ∈ V . If η is a d-path that does not remain in V , then it is also a ρ-path
that does not remain in Bρ(p, ε) and we have that ℓd(η) ≥ ε/C.
We claim that Bdˆ(p, ε/C) ⊂ Bρ(p, ε). If q ∈ Bdˆ(p, ε/C), then there exist a
rectifiable d-path γ connecting p and q such that ℓdˆ(γ) = ℓd(γ) < ε/C what implies
that γ does not leave V . Then ℓρ(γ) < ε and q ∈ Bρ(p, ε), what settles the lemma.
Remark 7.6.
• Consider the smooth map
dφ : T (G×G/HX)→ T (G/HX).
Represent the smooth curves η : I → G × G/HX by η(t) = (η1(t), η2(t))
where η1 is a curve on G and η2 is a curve on G/HX . When we restrict
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dφ to the vectors of type (0, v), that is, directional derivatives along curves
with η1 constant, then
(40) dφ(g, hHX , (0, v)) = (ghHX , d(φg)(hHX )(v)).
In particular, d(φg)hHX (v) depends continuously on g, hHX and v.
• Suppose that we are in the settings 5.2. Consider the restriction
φ˜ : expBdm(0, r)×Bdm(HX , r)→ G/HX
of φ and observe that expBdm(0, r) is a submanifold of G which is invariant
by inversion. We can restrict dφ˜ to the points of type (g−1, gHX , 0, v) and
we get
dφ˜(g−1, gHX , 0, v) = (HX , d(φ˜g−1 )gHX (v)).
In particular ξ : T (Bdm(HX , r))→ THX (G/HX) given by
(41) ξ(gHX , v) = d(φ˜g−1 )gHX (v) = d(φg−1 )gHX (v),
is continuous.
Proof of Theorem 7.1
Denote by O˜ a τ -neighborhood of HX ∈ G/HX with compact closure such
that (36) and (37) holds. First of all, we prove the theorem for the case where
(M,d) = (M,F ) is a Finsler manifold.
Due to the G-invariance of dX and dˆX on G/HX , it is enough to prove that there
exist a τ -neighborhood O of HX ∈ G/HX and C > 0 such that
(42) dˆX(g1HX , g2HX) ≤ CdF (g1HX , g2HX)
and
(43) dF (g1HX , g2HX) ≤ CdX(g1HX , g2HX)
hold for every g1HX , g2HX ∈ O. Remember that the inequality dX ≤ dˆX always
holds.
Let us prove (42). Due to (40), d(φg)hHX (v) depends continuously on g, hHX
and v. Then there exist a (G× τ)-neighborhood O1 ×O2 ⊂ G×G/HX of (e,HX)
such that:
(1) φ(O1, O2) ⊂ O˜;
(2) sup
‖v‖m=1
‖d(φg)hHX (v)‖m ≤ 2 for every (g, hHX) ∈ O1 ×O2;
(3) O1 is a symmetric neighborhood of e;
(4) φ(O1, HX) ⊃ O2;
(5) O2 is dm-convex.
The properties above can be used as steps to construct O1 and O2 in such a way
that at the end of the process all the properties hold.
If g1HX , g2HX ∈ O2 and γ : [0, 1] → (O2, dm) is the geodesic connecting g1HX
and g2HX (an Euclidean segment), then φg−11
◦ γ is smooth curve in O˜ (not neces-
sarily an dm geodesic) connecting HX and g
−1
1 g2HX such that
dm(HX , g
−1
1 g2HX) ≤ ℓdm(φg−11 ◦ γ) =
∫ 1
0
‖(φg−11 ◦ γ)
′(t)‖mdt
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=
∫ 1
0
‖d(φg−11 )γ(t)(γ
′(t))‖mdt ≤ 2
∫ 1
0
‖γ′(t)‖mdt = 2dm(g1HX , g2HX).
Therefore we have that
dˆX(g1HX , g2HX) = dˆX(HX , g
−1
1 g2HX) ≤ C.dm(HX , g−11 g2HX)
≤ 2Cdm(g1HX , g2HX),
and (42) is proved for g1HX , g2HX ∈ O2.
In order to prove (43), let O′1 × O′2 ⊂ O1 × O2 be a (G × τ)-neighborhood of
(e,HX) such that:
(1) φ(O′1, O
′
2) ⊂ O2;
(2) O′1 is a symmetric neighborhood of e;
(3) φ(O′1, HX) ⊃ O′2.
The property sup
‖v‖m=1
‖d(φg)hHX (v)‖m ≤ 2 for every (g, hHX) ∈ O′1 × O′2 is auto-
matically satisfied. In addition, we do not use the condition that O′2 is dm-convex.
Let g1HX , g2HX ∈ O′2. Then HX , g−11 g2HX ∈ O2 due to the properties of
O′1 × O′2. But O2 is dm-convex and the and we can consider the dm-geodesic γ :
[0, 1] → (O2, dm) connecting HX and g−11 g2HX . Then φg1 ◦ γ is smooth curve on
O˜ (not necessarily an dm geodesic) connecting g1HX and g2HX such that
dm(g1HX , g2HX) ≤ ℓdm(φg1 ◦ γ) =
∫ 1
0
‖(φg1 ◦ γ)′(t)‖mdt
=
∫ 1
0
‖d(φg1)γ(t)(γ′(t))‖mdt ≤ 2
∫ 1
0
‖γ′(t)‖mdt = 2dm(HX , g−11 g2HX).
Therefore
dm(g1HX , g2HX) ≤ 2dm(HX , g−11 g2HX) ≤ 2CdX(HX , g−11 g2HX)
= 2CdX(g1HX , g2HX)
for every g1HX , g2HX ∈ O′2. This settles item (1) of the theorem with O = O′2 for
the case where d is a Finsler metric because dF |O′2×O′2 is Lipschitz equivalent to
dm|O′2×O′2 (see Proposition 4.8).
In order to prove item (2) of the theorem for the case where (M,d) is Finsler,
notice that τX ⊂ τ due to Proposition 4.1. The relationship τˆX ⊂ τ is consequence
of item (1) and Lemma 7.4 (with τc = τˆX and τf = τ). The relationship τ ⊂ τˆX is
consequence of item (1), Theorem 6.10 and Lemma 7.5 (In Lemma 7.5, set d = dX
and ρ = dF ). This settles the case where (M,d) is Finsler.
For the case (M,d) with d ∈ L(M), fix an arbitrary Finsler metric F ′ onM with
distance function dF ′ . Then dX is locally Lipschitz equivalent to (dF ′)X (Theorem
4.10), what implies that for every gHX ∈ G/HX , there exist a dX -neighborhood
O′ of gHX and positive constants c
′, C′ > 0 such that
(44) c′(dF ′)X(g1HX , g2HX) ≤ dX(g1HX , g2HX) ≤ C′(dF ′)X(g1HX , g2HX)
for every g1HX , g2HX ∈ O′. Now we use the first part of the proof (the case
where (M,d) is Finsler) and the fact that τ is finer than τX in order to find a
τ -neighborhood O ⊂ O′ of gHX and positive constants c, C > 0 such that
(45) cdF (g1HX , g2HX) ≤ (dF ′)X(g1HX , g2HX) ≤ CdF (g1HX , g2HX)
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for every g1HX , g2HX ∈ O. Now we combine (44) and (45) in order to get
cc′dF (g1HX , g2HX) ≤ dX(g1HX , g2HX) ≤ CC′dF (g1HX , g2HX)
for every g1HX , g2HX ∈ O. Then dX |O×O is Lipschitz equivalent to dF |O×O.
The existence of a dF -neighborhood O of an arbitrary gHX ∈ G/HX such that
dF |O×O is Lipschitz equivalent to dˆX |O×O is analogous: Just replace dX and (dF ′)X
of (44) by dˆX and (dˆF ′)X respectively and replace (dF ′)X of (45) by (dˆF ′ )X .
Finally observe that the relationships τX ⊂ τˆX = τ follow from Theorem 4.10.
Remark 7.7. In Example 5.1 we have that τX ⊂
6=
τ .
Let G be a Lie group, (M,d ∈ L(M)) be a differentiable manifold, X be a
compact subset of M and ϕ : G×M →M be a smooth action by isometries of G
on M . The next step is to construct the function F : T (G/HX) → R that will be
the Finsler function correspondent to dˆX (Theorem 7.9).
Corollary 7.8. Let ϕ : G×M →M be a smooth action by isometries of a Lie group
G on a differentiable manifold (M,d ∈ L(M)) and let X ⊂M be a compact subset.
Let v¯ := v + hX ∈ THX (G/HX) and η : (−ε, ε)→ G/HX such that η(0) = HX and
η′(0) = v¯. Then
lim
t→0
dX(HX , η(t))
|t| = limt→0
dX(HX , exp(tv)HX)
|t|
and
lim
t→0
dˆX(HX , η(t))
|t| = limt→0
dˆX(HX , exp(tv)HX)
|t| .
In particular
lim
t→0
dX(HX , exp(tw)HX )
|t| = limt→0
dX(HX , exp(tv)HX)
|t|
and
lim
t→0
dˆX(HX , exp(tw)HX )
|t| = limt→0
dˆX(HX , exp(tv)HX)
|t|
whenever v − w ∈ hX .
Proof
It is a direct consequence of Theorem 7.1 and Lemma 6.9 (with c(t) = exp(tv)HX).
Theorem 7.9. Let ϕ : G ×M → M be a smooth action by isometries of a Lie
group G on a differentiable manifold (M,d ∈ L(M)) and let X be a compact subset
of M . Let φ : G ×G/HX → G/HX be the natural action of G on G/HX. Define
the function FHX : THX (G/HX)→ R by
FHX (v¯) = lim
t→0
dX(c(t), HX)
|t| ,
where c : (−ε, ε)→ G/HX is any curve such that c(0) = HX and c′(0) = v¯. Then
• FHX is well defined and it is a norm on THX (G/HX);
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• The function F : T (G/HX)→ R defined by
F (gHX , v˜) = lim
t→0
dX(c(t), gHX)
|t| ,
where c : (−ε, ε)→ G/HX is a curve such that c(0) = gHX and c′(0) = v˜,
does not depend on the choice of c. Moreover
(46) F (gHX , v˜) := FHX (d(φg−1 )gHX (v˜))
holds for every g ∈ gHX;
• F is a G-invariant Finsler metric;
• FHX is invariant by the isotropy representation ι : HX → Gl(THX (G/HX)),
given by ι(h) = d(φh)HX , that is, F (d(φh)HX (v)) = F (v) for every (h, v) ∈
HX × THX (G/HX).
Proof
Item 1.
FHX is well defined due to Corollary 7.8. Let us prove that FHX is a norm. The
fact that FHX ≥ 0 and FHX (0¯) = 0 is straightforward from the definition of FHX .
Observe that FHX (v¯) > 0 if v¯ 6= 0 is consequence of Theorem 6.8 and the fact that
η|[0,1] > 0.
Notice that FHX (av¯) = |a|FHX (v¯) for every a ∈ R and v¯ ∈ THXG/HX is trivial
when a = 0. When a 6= 0, it is a direct consequence of Theorem 6.8.
Let us prove the triangle inequality. Consider a decomposition g = m⊕ hX . Let
v, w ∈ m ⊂ g such that v + hX = v¯ and w + hX = w¯. Observe that
dX(HX , exp(tv + tw)HX)
≤ dX(HX , exp(tv)HX) + dX(exp(tv)HX , exp(tu+ tv)HX)
= dX(HX , exp(tv)HX) + dX(HX , exp(−tv) exp(tu+ tv)HX) = C.
But exp(−tv) exp(tu + tv) = exp(tu+O(t2)) (see for instance [10]). Then
C ≤ dX(HX , exp(tv)HX) + dX(HX , exp(tu)HX)
+dX(exp(tu+O(t
2))HX , exp(tu)HX).
≤ dX(HX , exp(tv)HX) + dX(HX , exp(tu)HX)
+C1dF (exp(tu+O(t
2))HX , exp(tu)HX) = C2
for some constant C1 > 0, where dF is the distance function with respect to a
Riemannian metric on G/HX (Theorem 7.1). Observe that exp : g → G and
π : G → G/HX are smooth maps. If we endow g with an arbitrary Euclidean
metric dg then π ◦ exp is locally Lipschitz. Then
C2 ≤ dX(HX , exp(tv)HX) + dX(HX , exp(tu)HX) + C3dg(tu+O(t2), tu),
and rewriting the inequality above we have that
dX(HX , exp(tv + tw)HX) ≤ dX(HX , exp(tv)HX) + dX(HX , exp(tu)HX) +O(t2).
Now dividing the inequality above by |t| and taking the limit with t going to zero,
we have the triangle inequality. Therefore FHX is a norm on THX (G/HX) and
consequently it is continuous.
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Item 2.
Choose g ∈ gHX and consider c : (−ε, ε) → G/HX such that c(0) = gHX and
c′(0) = v˜. Notice that
F (gHX , v˜) = lim
t→0
dX(c(t), gHX)
|t| = limt→0
dX(g
−1c(t), HX)
|t|
(47) = FHX (d(φg−1 )gHX (v˜))
due to the G-invariance of dX . Observe that the equality
lim
t→0
dX(c(t), gHX)
|t| = FHX (d(φg−1 )gHX (v˜))
states that the left-hand side does not depend on the choice of c such that c(0) =
gHX and c
′(0) = v˜ and the right-hand side does not depend on the choice of
g ∈ gHX . Observe that (41) applies here.
Item 3
If we suppose that we are in the settings 5.2, we have that F is continuous in
T (Bdm(HX , r)) due to (41). The proof that F is G-invariant is analogous to (47).
Therefore F is a G-invariant Finsler metric.
Item 4
It is a direct consequence of (47) with g ∈ HX . 
Suppose that we are in the hypotheses of Theorem 7.11. We have that
dˆX(x, y) = inf
γ∈Cx,y
ℓdX (γ)
but
dF (x, y) = inf
γ∈Sx,y
ℓdX (γ).
The next lemma implies that dˆX = dF .
Lemma 7.10. Let ϕ : G×M →M be a smooth action by isometries of a Lie group
G on a differentiable manifold (M,d ∈ L(M)) and X ⊂ M be a compact subset.
Let γ : [a, b]→ (G/HX , dX) be a rectifiable path. Then
• γ admits a reparameterization η : [a′, b′]→ (G/HX , dX) such that η′ exists
a.e.. Moreover
(48) ℓdˆX (γ) = ℓdX (γ) = ℓdX (η) =
∫ b′
a′
vη(t)dt =
∫ b′
a′
F (η(t), η′(t))dt.
• For every ε > 0, then there exist a path γε : [a, b] → (G/HX , dX) in
Sγ(a),γ(b), such that ℓdX (γε) < ℓdX (γ) + ε.
Item 1.
Let γ : [a, b] → (G/HX , dX) be a rectifiable path. Then there exist a Lipschitz
reparameterization η : [a′, b′]→ (G/HX , dX) of γ (see Proposition 2.5.9 of [6]). No-
tice that for every p ∈ G/HX , there exist a τ -neighborhood V of p ∈ G/HX and an
Euclidean metric dE on V such that dX |V and dE are Lipschitz equivalent (Theorem
7.1). Let (x1, . . . , xn) be a coordinate system on V such that {∂/∂x1, . . . , ∂/∂xn}
is an orthonormal basis of (V, dE). If we restrict η in such a way that its image is
contained in V , then η : [c′, d′] → (V, dE) is Lipschitz, as well as their coordinate
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functions xi ◦ η. Then the derivative of every coordinate function exits a.e. what
implies that the derivative of η exists a.e.. Then the last equality of (48) holds due
to Theorem 7.9. The third equality follows from (6) and the other equalities are
immediate, what settle (48).
Item 2.
Suppose that γ is reparameterized as η in Item 1 such that (48) holds. Set
x = γ(a) and y = γ(b). In order to prove the second item, suppose that
inf
γ˜∈Sx,y
ℓdX (γ˜) > ℓdX (γ).
We claim for a contradiction. Consider
C =
inf
γ˜∈Sx,y
ℓdX (γ˜)
ℓdX (γ)
> 1
and let ε > 0 such that (1 + ε)2 < C. Then for every δ˜ > 0, there exist an interval
[a′, b′] ⊂ [a, b] with ℓ([a′, b′]) < δ˜ such that
(49)
inf
γ˜∈Sγ(a′),γ(b′)
ℓdX (γ˜)
ℓdX (γ|[a′,b′])
≥ C.
In fact, if we subdivide [a, b] in several subintervals, the restriction of γ to one of
these subintervals should satisfy (49).
For every u ∈ [a, b], there exist a τ -neighborhood Vu of γ(u) and a Finsler metric
Fu on Vu such that
• (Vu, Fu) is isometric (as a Finsler manifold) to a convex open subset of
(Rn, F0);
• Fu(γ(u), ·) = F (γ(u), ·);
• (1 + ε)−1Fu ≤ F ≤ (1 + ε)Fu (see Proposition 3.6).
This induces an open cover of [a, b] by intervals such that γ restricted to these
intervals have their image contained in some Vu. Let δ > 0 be the Lebesgue number
of this covering. Then we can find a closed interval [aˆ, bˆ] of length less than δ > 0
such that (49) holds. But
ℓdX (γ|[aˆ,bˆ]) =
∫ bˆ
aˆ
F (γ(t), γ′(t))dt ≥ (1 + ε)−1
∫ bˆ
aˆ
Fu(γ(t), γ
′(t))dt
≥ (1 + ε)−1
∫ bˆ
aˆ
Fu(α(t), α
′(t))dt ≥ (1 + ε)−2
∫ bˆ
aˆ
F (α(t), α′(t))dt
= (1 + ε)−2ℓdX (α),
where α is the straight line connecting γ(aˆ) and γ(bˆ) on (Vu, Fu) ≈ U ⊂ (Rn, F0),
what contradicts (49). This settles the second item and the lemma. 
Theorem 7.11. Let ϕ : G ×M → M be a smooth action by isometries of a Lie
group G on a differentiable manifold (M,d ∈ L(M)) and X ⊂ M be a compact
subset. If γ : [a, b] → G/HX is a path which is continuously differentiable by parts
(or more in general Lipschitz), then the speed vγ(t) exists whenever γ
′(t) exists,
(50) ℓdˆX (γ) = ℓdX (γ) =
∫ b
a
vγ(t)dt =
∫ b
a
F (γ(t), γ′(t))dt
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and (G/HX , dˆX) is Finsler (the integrals in (50) are Lebesgue integrals).
Proof
First of all, we prove (50) with vγ(t) existing a.e.. By Proposition 6.2, every
path in (G/HX , dX) which is continuously differentiable by parts is Lipschitz (and
dX -rectifiable). This settles the first equation of (50) and implies that vγ(t) exists
a.e.. The second equation of (50) holds due to (6). The last equation of (50) follows
from the definition of F .
In order to see that (G/HX , dˆX) is Finsler, notice that (50) implies that dX and
F induces the same length function on paths which are continuously differentiable
by parts. Moreover
dˆX(x, y) = inf
γ∈Cx,y
ℓdX (γ) = inf
γ∈Sx,y
ℓdX (γ) = dF (x, y)
where the second equality is due to the second item of Lemma 7.10. Then (G/HX , dˆX)
is isometric to (G/HX , dF ) and dˆX is Finsler.
Finally vγ(t) exists whenever γ
′(t) exists due to Theorem 3.7.
Corollary 7.12. Let ϕ : G×M →M be a transitive smooth action by isometries of
a Lie group G on a differentiable manifold (M,d ∈ L(M)), where d is an intrinsic
metric. Then (M,d) is Finsler.
Proof
Consider p ∈ M and set X = {p}. Then (M,d) is isometric to (G/HX , dX).
But dX = dˆX because d is intrinsic. But dˆX is Finsler due to Theorem 7.11, what
settles the corollary.
8. Further examples
This section is devoted to present additional examples in order to better illustrate
the theory developed so far.
Example 8.1. (Counterexample to Corollary 7.12) If a metric d on a differentiable
manifold M is Lipschitz equivalent to a Finsler metric F but it is not invariant by
a transitive action of a group, we do not have necessarily that d is Finsler: Let
f : R → R be a strictly increasing Lipschitz function which is not differentiable
at 0. Moreover we can also suppose that the left and right derivatives does not
exist at 0 and that there exist constants C1, C2 > 0 such that C1|x − y| ≤ f(x −
y) ≤ C2|x − y|. For instance, consider the lines L1 := {(x, y) ∈ R2; y = x} and
L2 := {(x, y) ∈ R2; y = x/2} in R2. The graph of f will be placed between these
lines. It is the concatenation of the line segments that connect the points (1, 1) ∈ L1,
(3/4, 3/8) ∈ L2, (1/4, 1/4) ∈ L1, (3/16, 3/32) ∈ L2, (1/16, 1/16) ∈ L1 and so on.
We proceed in a similar way for t > 1 and set f(t) := −f(−t) for t < 0. Finally
we define f(0) = 0. The function f satisfies the conditions stated above.
Consider R with the metric d(x, y) = |f(x)− f(y)|. Of course (R, d) is intrinsic
and Lipschitz equivalent to R with the canonical metric. If we suppose that the
Finsler metric F such that dF = d exists, we would have that
F (v) = lim
t→0+
f(tv − 0)
t
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which is not possible. Therefore d is not Finsler.
Example 8.2. If ϕ : G × M → M is a smooth transitive action by isometries
of a Lie group on a differentiable manifold (M,d ∈ L(M)), then we do not have
necessarily that d is intrinsic. In fact, we have the following example: G = (R,+),
M = R is endowed with the metric
d(x, y) =
{ |x− y| if |x− y| ≤ 1;
1 if |x− y| > 1,
and ϕ : G × M → M is the usual sum of real numbers. Observe that d is not
intrinsic (for instance, the length of γ : [0, 2]→ R given by γ(x) = x is equal to 2).
Example 8.3. (Translation in Euclidean space) Let G = (Rn,+), M = (Rn, d),
where d is the Euclidean metric and consider ϕ : Rn×Rn → Rn be the action given
by ϕ(x, y) = x + y. Let X ⊂ Rn be a non empty compact set. The isotropy sub-
group is the trivial subgroup of Rn what implies that Rn/HX ∼= Rn. The equalities
dX(xHX , yHX) = dH(x+X, y+X) = dH(x− y+X,X) hold because the action is
by isometries. We claim that dX(xHX , yHX) = d(x, y).
The relationship dH(x +X, y +X) ≤ d(x, y) is straightforward due to the defi-
nition of Hausdorff distance and because ϕ is an action by isometries.
In order to see that dH(x+X, y+X) ≥ d(x, y), set z = x− y. By an orthogonal
change of coordinate systems, we can suppose that z = (0, . . . , 0, zn), zn ≥ 0. Con-
sider πn : R
n → R the projection in the n-th coordinate, set m = minx∈X πn(x) and
consider x¯ ∈ X such that πn(x¯) = m. Notice that dH(X, z +X) ≥ d(x¯, z +X) ≥
d(x¯, x¯ + z) due to the definition of Hausdorff distance and the choice of x¯. This
settles dH(x + X, y + X) ≥ d(x, y). Therefore dH(x + X, y + X) = d(x, y) and
id : (Rn, dX) → (Rn, d) is an isometry. Observe that dˆX = dX because dX = d is
an intrinsic metric.
Before the next example, we prove the following lemma.
Lemma 8.4. Let ϕ : G×M →M be a smooth transitive action of a Lie group on
a differentiable manifold M , p ∈ M and suppose that d and ρ are two G-invariant
metrics on M such that d(p, gp) = ρ(p, gp) for every g in a neighborhood V ⊂ G of
e. Then dˆ = ρˆ.
Proof
Let U be a neighborhood of e ∈ G such that U2 ⊂ V and U = U−1. Let
η : [a, b] → M be a path on M . For every t ∈ [a, b], choose gt ∈ G such that
gtη(t) = p. Consider the open cover O = {η−1(g−1t Up); t ∈ [a, b]} of [a, b] and
denote by δ > 0 a Lebesgue number of O. Fix a partition P = {a = t0 < t1 <
. . . < tNP = b} such that |P| < δ. For every i = 1, . . . , NP , consider t˜i ∈ [a, b] such
that gt˜iη([ti−1, ti]) ⊂ Up. Then there exist hti , uti ∈ U such that gt˜iη(ti−1) = htip
and gt˜iη(ti) = utip. Observe that h
−1
ti uti ∈ V . Then
NP∑
i=1
d(η(ti−1), η(ti)) =
NP∑
i=1
d(g−1
t˜i
htip, g
−1
t˜i
utip) =
NP∑
i=1
d(p, h−1ti utip)
=
NP∑
i=1
ρ(p, h−1ti utip) =
NP∑
i=1
ρ(η(ti−1), η(ti)).
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Taking the supremum with respect to P , we have that ℓd(η) = ℓρ(η) for every path
η. Thus dˆ = ρˆ.
Example 8.5. Let ϕ : G×M →M a transitive action by isometries of a Lie group
G on a Riemannian manifold M . Denote the Riemannian distance by d. Let X be
the closure of geodesic ball in M . We remember that B(p, r) is a geodesic ball if its
closure is contained in a normal neighborhood of p (see [8]). Notice that HX = Hp
because an isometry sends a geodesic ball of radius r in a geodesic ball of the same
radius and hX = X if and only if hp = p. Thus G/HX is diffeomorphic to M .
Due to the definition of geodesic ball, there exist an ε > 0 such that B(p, r+ε) is
also a geodesic ball. Then there exist a neighborhood V of e ∈ G such that V = V −1
and B(gp, r) = gB(p, r) ⊂ B(p, r + ε) for every g ∈ V . For g ∈ V −Hp, consider
the unique geodesic γg such that γg(0) = p and γg(1) = gp. Let t¯ be the first
positive value such that γg(t¯) ∈ ∂B(p, r). Then d(p, γg(t¯)) = d(gp, γg(t¯ + 1)) = r
and d(γg(t¯), γg(t¯+1)) = d(p, gp), what implies that γg(t¯+ 1) ∈ ∂B(p, r+ d(p, gp)).
Observe that p, gp, γg(t¯) and γg(t¯+ 1) are in the same minimizing geodesic.
In order to prove that gHX 7→ gp is an isometry from (G/HX , dˆX) to (M,d), it
is enough to prove that dH(X, gX) = d(p, gp) for every g ∈ V due to Lemma 8.4.
If g ∈ Hp = HX , there is nothing to prove. Otherwise notice that dH(X, gX) ≥
d(X, γg(t¯ + 1)) holds due to the definition of dH and the fact that γg(t¯+ 1) ∈ gX.
Moreover the inequality
d(x, γg(t¯+ 1)) ≥ d(p, γg(t¯+ 1))− d(p, x)
holds for every x ∈ X. If we consider the infimum of the right hand side with
respect to x ∈ X, we get
d(x, γg(t¯+ 1)) ≥ d(p, γg(t¯+ 1))− d(p, γg(t¯))
= d(γg(t¯), γg(t¯+ 1)) = d(p, gp) for every x ∈ X.
Therefore d(X, γg(t¯+ 1)) ≥ d(p, gp) and dH(X, gX) ≥ d(p, gp) for every g ∈ V .
In order to see that d(p, gp) ≥ dH(X, gX) we use (3). It is straightforward
that gX = B¯(gp, r) ⊂ B¯(p, r + d(p, gp)) = B¯(X, d(p, gp)). In order to see that
X ⊂ B¯(gX, d(p, gp)), observe that ϕ(g, ·) : M → M is an isometry that sends
B(p, r + d(p, q)) to B(gp, r + d(p, q)) and both are geodesic balls. Then B¯(gp, r +
d(p, q)) = B¯(gX, d(p, gp)) and X ⊂ B¯(gX, d(p, gp)) holds. Consequently d(p, gp) ≥
dH(X, gX).
Example 8.3 shows a situation where (G/HX , dX) and (G/HX , dˆX) are isomet-
ric to (M,d). In Example 8.5 we have that (G/HX , dˆX) is isometric to (M,d)
but (G/HX , dX) is not necessarily isometric to (M,d). We also have examples
where (G/HX , dˆX) is not isometric to (M,d), even if G/HX is diffeomorphic to M .
Example 8.11 shows a compact case and Example 8.12 shows a noncompact case.
Theorem 8.6. Let (M, 〈·, ·〉) be a Riemannian manifold and ϕ : G ×M → M be
a smooth action by isometries of a Lie group G on M . Let X ⊂ M be a compact
submanifold without boundary. Then the Finsler metric F induced by the metric
dˆX on G/HX is given by
(51) F (v + hX) = max
x∈X
∥∥∥(Kv(x))N∥∥∥
M
for every v ∈ g.
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Before proving Theorem 8.6, we prove two lemmas.
Lemma 8.7. Let (V1, 〈·, ·〉1) and (V2, 〈·, ·〉2) be finite dimensional real vector spaces.
Consider orthogonal decompositions V1 = T1⊕N1 and V2 = T2⊕N2. Let η : V1 → V2
be a linear map such that η(T1) ⊂ T2, η(N1) ⊂ N2 and such that η|N1 is an isometry
over its image. Then 〈η(v), η(w)〉2 = 〈v, w〉1 for every (v, w) ∈ V1 ×N1.
Proof
Let v ∈ V1 and consider the decomposition v = vT1 + vN1 , where vT1 and vN1
are the components of v in T1 and N1 respectively. Consider w ∈ N1. Then
〈η(v), η(w)〉2 = 〈η(vT1 ) + η(vN1), η(w)〉2 = 〈η(vN1), η(w)〉2
= 〈vN1 , w〉1 = 〈vT1 + vN1 , w〉1 = 〈v, w〉1 .
The next lemma is interesting by itself because it does not impose any restriction
on the compact subset X .
Lemma 8.8. Let ϕ : G×M →M be a smooth action by isometries of a Lie group
G on a differentiable manifold M endowed with a metric d ∈ L(M). Let X be a
compact subset of M . Suppose that the function f¯ : X × (R − {0}) → R given by
f¯(x, t) = dM (X, exp(tv)x)/|t| can be continuously extended to a continuous function
f : X × R→ R. Then the Finsler metric correspondent to dˆX is given by
(52) F (v + hX) = lim
t→0
dX(HX , exp(tv)HX)
|t| = supx∈X f(x, 0).
Proof
The first equality is due to Theorems 7.9 and 7.11.
For the sake of simplicity, denote Y := X × R and define dY : Y × Y → R
by dY ((x1, t1), (x2, t2)) = dM (x1, x2) + |t1 − t2|. If ε > 0 is given, then for every
(x, 0) ∈ X × R, there exist a δx > 0 such that |f(y, t) − f(x, 0)| < ε/2 whenever
dY ((y, t), (x, 0)) < δx. For every x ∈ X , define
K(x, δx) := {(y, t) ∈ X × R; dM (y, x) < δx/2, |t| < δx/2},
consider a finite open cover {K(xi, δxi); i = 1, . . . , k} of X × {0} and set δ :=
mini=1,...,k δxi/2. If y ∈ X , then there exist a j ∈ {1, . . . , k} such that (y, 0) ∈
K(xj , δxj). If |t| < δ, then
|f(y, t)− f(y, 0)| ≤ |f(y, t)− f(xj , 0)|+ |f(xj , 0)− f(y, 0)| < ε.
In other words, |f(y, t)− f(y, 0)| < ε if |t| < δ for every y ∈ X .
Now fix t ∈ (−δ, δ) and consider x¯, xˆ ∈ X such that f(xˆ, t) = supx∈X f(x, t) and
f(x¯, 0) = supx∈X f(x, 0). Then
f(x¯, 0)− ε < f(x¯, t) ≤ f(xˆ, t) < f(xˆ, 0) + ε ≤ f(x¯, 0) + ε
what implies that
| sup
x∈X
f(x, t)− sup
x∈X
f(x, 0)| < ε
whenever |t| < δ. Likewise
| sup
x∈X
f(x,−t)− sup
x∈X
f(x, 0)| < ε
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whenever |t| < δ and
|max{sup
x∈X
f(x, t), sup
x∈X
f(x,−t)} − sup
x∈X
f(x, 0)| < ε
whenever |t| < δ. Then
lim
t→0
max
{
sup
x∈X
dM (X, exp(tv)x)
|t| , supx∈X
dM (X, exp(−tv)x)
|t|
}
= sup
x∈X
f(x, 0),
what is the second equation of (52).
Proof of Theorem 8.6
Let X be a compact submanifold of M and denote the normal space of X at
x by T⊥x X . Then we have the decomposition TxM = TxX ⊕ T⊥x X . Consider the
tubular neighborhood
{y ∈M ; y = e˜xpx(v), x ∈ X, v ∈ T⊥x X, ‖v‖M < ε}
of X in M , where e˜xp is the Riemannian exponential and ε > 0 is a sufficiently
small positive value (see [18]).
Using Theorems 7.9 and 7.11 and the definition of Hausdorff distance, we have
that
F (v + hX) = lim
t→0
max
{
sup
x∈X
dM (x, exp(tv)X)
|t| , supx∈X
dM (X, exp(−tv)x)
|t|
}
.
If we prove that the function f : X × R→ R given by
(53) f(x, t) =


dM(X,exp(tv)x)
|t| if t 6= 0;∥∥∥( ddt ∣∣t=0 exp(tv)x)N∥∥∥M if t = 0,
is continuous, then the theorem is proved due to Lemma 8.8.
Let m = dimX and m + n = dimM . Fix x ∈ X and consider a coordinate
system ψ = (ψ1, . . . , ψm) on a neighborhood W ⊂ X of x. In a eventually smaller
neighborhoodW ′ ⊂W of x, define an orthonormal frame (Em+1, . . . , Em+n) of the
normal bundle of X ⊂M . Consider the subset
V := {y ∈M ; y = e˜xpx(v);x ∈ W ′, v ∈ T⊥x X, ‖v‖M < ε}
of the tubular neighborhood and define a coordinate system (V,Ψ) given by
Ψ(e˜xpx(v)) = (ψ1(x), . . . , ψm(x), am+1(x), . . . , am+n(x)),
where v =
m+n∑
i=m+1
ai(v)Ei. Then there exist an ε
′ > 0 and a neighborhoodW ′′ ⊂W ′
of x such that the function f |W ′′×(−ε′,ε′) written in terms of coordinate system Ψ
is given by
(54) g(x, t) =


√∑n
j=1
(
am+j(exp(tv)x)
t
)2
if t 6= 0;√∑n
j=1
〈
d
dt
∣∣
t=0
exp(tv)x,Em+j
〉2
M
if t = 0
due to the definition of Ψ.
Consider the smooth function σj : W
′′ × (−ε′, ε′) → R given by σj(x, t) =
am+j(exp(tv)x). Notice that σj(x, 0) = 0 for every x ∈W ′′, what implies that there
exist a continuous function ξj :W
′′×(−ε′, ε′)→ R such that σj(x, t) = tξj(x, t) and
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ξj(x, 0) =
∂
∂t
∣∣
t=0
σj(x, t) (see [8] or [11]). We claim that g(x, t) =
√∑n
i=1 ξ
2
j (x, t)
what settles the theorem. For t 6= 0, the equality is immediate. For t = 0 we have
that
ξj(x, 0) =
∂
∂t
∣∣∣∣
t=0
am+j(exp(tv)x) =
∂
∂t
∣∣∣∣
t=0
〈
Ψ(exp(tv)x), dΨ(x,0)(Em+j)
〉
Rn
=
〈
dΨ(x,0)
(
∂
∂t
∣∣∣∣
t=0
exp(tv)x
)
, dΨ(x,0)(Em+j)
〉
Rn
=
〈
∂
∂t
∣∣∣∣
t=0
exp(tv)x,Em+j
〉
M
where the last equality is because dΨ(x,0) : TxX ⊕ T⊥x X → Rm ⊕ Rn satisfies the
conditions of Lemma 8.7, with T⊥x X = N1. Then g(z, t) =
√∑n
i=1 ξ
2
j (z, t) and g is
continuous.
A particular case of Theorem 8.6 is when X is a finite subset of M .
Corollary 8.9. Let (M, 〈·, ·〉) be a Riemannian manifold and ϕ : G×M →M be a
smooth action by isometries of a Lie group G on M . Let X = {x1, . . . , xk} ⊂M a
finite subset. Then the Finsler metric F correspondent to the metric dˆX on G/HX
is given by
(55) F (v + hX) = max
i=1,...,k
‖(Kv(xi))‖M
for every v ∈ g.
Proposition 8.10. Let ϕ : G ×G→ G be the usual group product of a connected
Lie group G, with M = G endowed with a bi-invariant Riemannian metric. Let
X ⊂ M be a compact submanifold without boundary, v ∈ g and F be the Finsler
metric correspondent to (G/HX , dˆX). Then the following statements are equivalent:
(1) There exist x ∈ X such that Kv(x) ∈ T⊥x X;
(2) FHX (v + hX) = ‖v‖M .
Proof
If 〈·, ·〉M is bi-invariant, then
‖Kv(g)‖M = ‖d(Rg)e(v)‖M = ‖v‖M
for every g ∈ G, where the first equality is due to (30). In particular, its norm is
constant along M . Then
FHX (v + hX) = max
x∈X
∥∥∥(Kv(x))N∥∥∥
M
≤ ‖v‖M
and the equality holds if and only if there exist a x ∈ X such that Kv(x) ∈ T⊥x X .
Example 8.11. Let G be the additive group (R2,+) and M = R2/Z2 be the flat
torus. We represent a point of M by (x¯, y¯), where x¯ is the equivalence class
of x ∈ R in R/Z. Consider the natural action ϕ : R2 × M → M defined by
ϕ(((g1, g2), (x¯1, x¯2)) = (g1 + x1, g2 + x2) and set X =M −Q, where Q is the equiv-
alence class of the square (1/4, 3/4) × (1/4, 3/4) ⊂ R2 in M . In order to make
calculations, we represent M by the square [0, 1] × [0, 1] ⊂ R2 with its opposite
sides identified. Observe that HX = Z× Z and that G/HX is diffeomorphic to M .
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Moreover if (g1, g2) ∈ (−1/10, 1/10)× (−1/10, 1/10) ⊂ G, then it is not difficult
to see that dX((g1, g2)HX , HX) = max{|g1|, |g2|}. Now we can use Lemma 8.4
to conclude that (G/HX , dˆX) is isometric to (M,F ), where F is the homogeneous
Finsler metric such that FHX ((v1, v2)) = max{|v1|, |v2|}. Observe that G/HX is
diffeomorphic to M but (G/HX , dˆX) and (M,d) are not isometric.
Example 8.12. Let M = H2 = {(x1, x2) ∈ R2;x2 > 0} be Poincare´ half-plane
model of the hyperbolic plane. Consider the Lie group G = {g1, g2) ∈ R2; g2 > 0}
with the product (g1, g2).(h1, h2) = (g2h1 + g1, g2h2) and inverse (g1, g2)
−1 =
(−g1/g2, 1/g2). Observe that G is the semidirect product R ⋊ζ R+ of the additive
group of real numbers and the multiplicative group of strictly positive real numbers,
where the homomorphism ζ : (R+, 0) → Aut(R) is such that ζ(t) is the multiplica-
tion by t.
Consider the action of G on M given by ϕ : G×M →M , ϕ((g1, g2), (x1, x2)) =
g2(x1, x2) + (g1, 0). Observe that ϕ(g1,g2) is a homothety (x1, x2) 7→ g2(x1, x2)
followed by a translation (x1, x2) 7→ (g1 + x1, x2), what implies that ϕ is a smooth
transitive action of G on M by isometries. Consider X = {(−a, b), (a, b)} ⊂ M ,
with a, b > 0. Notice that HX = {e} and G/HX is diffeomorphic to M .
Now we determine the Finsler function F correspondent to dˆX . It is enough
to determine FHX (cos θ, sin θ) for θ ∈ [0, 2π). The point e = (0, 1) ∼= HX is the
identity element of G. Then we can consider curves cθ(t) = (t cos θ, t sin θ+1) and
FHX ((cos θ, sin θ)) = max
{∥∥∥∥ ddt
∣∣∣∣
t=0
cθ(t)(−a, b)
∥∥∥∥ ,
∥∥∥∥ ddt
∣∣∣∣
t=0
cθ(t)(a, b)
∥∥∥∥
}
due to Theorems 7.9, 7.11 and Corollary 8.9. Direct calculations show that
d
dt
∣∣∣∣
t=0
cθ(t)(x, y) = (x sin θ + cos θ, y sin θ)
and ∥∥∥∥ ddt
∣∣∣∣
t=0
cθ(t)(x, y)
∥∥∥∥
H2
=
1
y
√
x sin 2θ + cos2 θ + (x2 + y2) sin2 θ.
If we denote vθ = (cos θ, sin θ), then
FHX (vθ) =


1
b
√
a sin 2θ + cos2 θ + (a2 + b2) sin2 θ if sin 2θ > 0
1
b
√
−a sin 2θ + cos2 θ + (a2 + b2) sin2 θ otherwise.
Straightforward calculations show that F is not smooth.
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